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Abstract—The JavaScript platform natively supports binary64
floating point numbers, and, through a twist of fate, 32-bit integer
arithmetic. However, it does not offer support for 64-bit integers.
As a result, compilers targeting JavaScript have traditionally
struggled to offer efficient 64-bit integers. We first survey how
existing algorithms can be used to implement most 64-bit integer
arithmetic operations. We then propose a new algorithm for 64-
bit integer division and remainder, and prove its correctness.
It combines 32-bit integer arithmetic and 64-bit floating point
operations, and contains no loop. We also present and prove
close cousins for constant divisors, and for conversion to string
in all radices supported by JavaScript. We implemented these
algorithms in the Scala.js compiler. They outperform previously-
known algorithms.

Index Terms—JavaScript, integer arithmetic, division, floating-
point.

I. MOTIVATION

The JavaScript platform natively supports binary64 floating
point numbers, and, through a twist of fate, 32-bit integer arith-
metic. However, it does not offer support for 64-bit integers.
Compilers targeting JavaScript have traditionally struggled to
offer efficient 64-bit integers. Notable such compilers include
emscripten [15], GHCJS [4], J2CL [8], Js_of_ocaml [9],
Kotlin/JS [10] and Scala.js [12].

Most of these compilers implement 64-bit integers as in-
stances of a class with 2 (sometimes 3) integer fields. Only
emscripten and Scala.js use a flat representation, similar to
standard compiler techniques for double-length integers. Even
those, however, lack a good division algorithm. The existing
algorithms all require loops. They fall in two broad categories:

• shift-and-subtract division, sometimes with an early exit,
• repeated approximation by double division.

Additionally, conversions of 64-bit integers to strings require
one or more invocations of the expensive division.

We propose a new algorithm for 64-bit integer division and
remainder on the JavaScript platform, and prove its correct-
ness. It combines 32-bit integer arithmetic and 64-bit floating
point operations, and contains no loop. We also present and
prove close cousins for constant divisors, and for conversion to
string in all radices supported by JavaScript. We implemented
these algorithms in the Scala.js compiler. They outperform
previously-known algorithms for 64-bit integer divisions.

A. Alternatives
When targeting the JavaScript platform, there are two alter-

natives to the above schemes. Some compilers like Kotlin/JS
and Scala.js can be configured to use the alternatives below.

First, we can compile to WebAssembly [13] (Wasm), which
natively supports 64-bit integers. That is not always an option,
as we may target environments that do not (yet) support
Wasm. Moreover, Wasm is not free of performance concerns:
interoperability with JavaScript, in particular, is still difficult to
implement efficiently. There may be a performance trade-off
between efficient interoperability and fast 64-bit integers.

Second, we can represent 64-bit integers as JavaScript
bigints. We can force arithmetic modulo 264 by wrap-
ping every operation with BigInt.asIntN(64, ·). Some
JavaScript engines, such as V8, produce efficient code for
those as long as they are local within a method. When they
escape, the requirement for a universal representation prevents
the optimizations, and the engines need to allocate expensive
instances of big integers on-heap. In practice, the encoding
used by emscripten or Scala.js generally outperforms the use
of bigints.

It is therefore still important to find good algorithms for
lowered 64-bit integers on the JavaScript platform.

B. Outline

Sections II–IV introduce notations and summarize the state
of the art on which we build. Sections V–VIII present our
contributions: the algorithms for division, constant divisors,
and conversion to string, along with their proofs. We evaluate
the performance of our division algorithm in Section IX, and
conclude in Section X.

II. NOTATIONS

Let F64 be the set of binary64 values, and RN : R→ F64 be
a function that rounds a real number to the nearest member of
F64, with a tie-breaking rule. In JavaScript, all floating point
operations break ties “to even”, although our algorithms do
not require that specific rule.

Throughout this paper, we canonically represent fixed-
size integers as values of N corresponding to their unsigned
interpretation.

We define the following functions for a, b ∈ R, b > 0:

div(a, b) = ⌊a/b⌋ ,
rem(a, b) = a− b · div(a, b) .

We always have 0 ≤ rem(a, b) < b. When a and b are
non-negative integers that fit in a particular bit width, those
operations correspond to unsigned division and remainder.



For a ∈ Z and b ∈ N, b > 0, we have

amod b = a− b · ⌊a/b⌋ = rem(a, b) .

We write +n, −n and ×n for the n-bit modular integer
operations:

a+n b = a+ bmod2n,

a−n b = a− bmod2n,

a×n b = a · bmod2n.

We use &, |, ˆ and ∼ for bitwise operations. We write ≪,
≫ and ≫ for shift left, zero-extending shift right and sign-
extending shift right, respectively. The bit width applied for
these operations is inferred from the context. It is usually 32.

When we need to interpret an n-bit integer as a signed 2’s
complement number, we explicitly use the following function:

Sn(a) =

{
a if a < 2n−1

a− 2n otherwise.

We use the truncating semantics for signed division of n-
bit integers. That is consistent with what we naturally get in
JavaScript for 32-bit integers, as well as with Scala semantics.

truncate(x) =

{
⌊x⌋ if x ≥ 0

⌈x⌉ if x < 0 ,

sdivn(a, b) = truncate(Sn(a)/Sn(b))mod 2n,

sremn(a, b) = a−n (b×n sdivn(a, b)) .

As defined, and as is the case in JavaScript and Scala, dividing
−2n−1 by −1 is well defined and overflows back to −2n−1.

III. 32-BIT ARITHMETIC IN JAVASCRIPT

Throughout the paper, we assume that we have efficient 32-
bit integer arithmetic at our disposal in JavaScript. From the
specification of ECMAScript alone [3], it is not clear that this
is the case. In this section, we briefly summarize the encoding
of 32-bit integers used by compilers targeting JavaScript.

Implementation of 32-bit arithmetic in JavaScript has been
well-known since its “discovery” in asm.js [7]. While
asm.js itself was not widely adopted, its idioms to imple-
ment 32-bit arithmetic are recognized by modern JavaScript
JITs (Just-In-Time compilers), and optimized as such.1

The asm.js-style encoding we use represents 32-bit in-
tegers as binary64 values equal to their signed interpretation
(i.e., S32(·)). Given that uniform representation, Table I sum-
marizes relevant operations. For clarity, we explicitly write
FP(a) and FP(S32(a)) as abstract operations converting 32-
bit integers to binary64 values. Those conversions are always
exact, and therefore identities in R.
x>>>0 and x|0 respectively compute ToUint32(x) and

ToInt32(x), defined in [3] as

ToUint32(x) = truncate(x)mod 232,

ToInt32(x) = S32(ToUint32(x)) .

1It is difficult to find an authoritative source for this claim. However, in
practice, (incorrectly) compiling 32-bit operations as the supposedly more
primitive a+b, a-b and a*b makes run-time performance worse.

TABLE I
32-BIT INTEGER ARITHMETIC IN JAVASCRIPT

Abstract operation JavaScript encoding
a+32 b (a+b)|0

a−32 b (a-b)|0

a×32 b Math.imul(a, b)

div(a, b) ((a>>>0) / (b>>>0))|0

rem(a, b) ((a>>>0) % (b>>>0))|0

sdiv32(a, b) (a / b)|0

srem32(a, b) (a % b)|0

FP(a) a>>>0

FP(S32(a)) a

truncate(x)mod 232 x|0

a and b are 32-bit integers. They are unsigned on the left,
and signed on the right. x is a binary64 value.

They truncate and wrap their argument back into the un-
signed (resp. signed) 32-bit integer range. In particular, for
x ∈ F64, 0 ≤ x < 232, the operation x|0 computes the
encoded (S32(·)) value of

ToUint32(x) = truncate(x)mod 232 = ⌊x⌋mod232 = ⌊x⌋

and for m ∈ Z, m|0 computes the encoded value of

ToUint32(m) = truncate(m)mod 232 = mmod232.

For integer multiplication, using (a*b)|0 would be in-
correct, as the intermediate a*b looses precision in the
low-order bits. ECMAScript 2015 added the builtin function
Math.imul to fill that gap.

IV. BASIC 64-BIT INTEGER ARITHMETIC

Now that we have established that we have efficient 32-
bit integers, we can build 64-bit integers on top of them. All
the puzzle pieces in this section have been well-known in the
compiler literature. We recall them here because they are rarely
used in compilers targeting JavaScript.

We represent a 64-bit integer x as a sum 232xh + xℓ,
where xh and xℓ are 32-bit integers. We write (xh, xℓ) as
a short-hand. The canonical representation is unsigned in this
presentation, as usual. The signed interpretation is

S64(x) = S64
(
232xh + xℓ

)
= 232 · S32(xh) + xℓ . (1)

Indeed, x < 263 iff xh < 231. If x < 263, we have

S64
(
232xh + xℓ

)
= 232xh + xℓ = 232 · S32(xh) + xℓ .

Otherwise, we have

S64
(
232xh + xℓ

)
= 232xh + xℓ − 264

= 232 ·
(
xh − 232

)
+ xℓ = 232 · S32(xh) + xℓ .

A. Modular operations

Algorithms 1 and 2 show how to implement double-length
addition and subtraction. The carry bit is computed with a
comparison whose result is interpreted as a 32-bit integer :
1 for true and 0 for false. In JavaScript, we can get that
interpretation with ((sl>>>0) < (al>>>0))|0.



Algorithm 1 ADD64 – 64-bit addition
Input: a = (ah, aℓ), b = (bh, bℓ)
Output: s = (sh, sℓ) = a+64 b

sℓ ← aℓ +32 bℓ
sh ← ah +32 bh +32 (sℓ < aℓ)

Algorithm 2 SUB64 – 64-bit subtraction
Input: a = (ah, aℓ), b = (bh, bℓ)
Output: d = (dh, dℓ) = a−64 b
dℓ ← aℓ −32 bℓ
dh ← ah −32 bh −32 (dℓ > aℓ)

Modular multiplication of two 64-bit integers can be decom-
posed into their 32-bit components. Let c = aℓbℓ = 232ch+cℓ
be the full product of the low words. cℓ = aℓ×32 bℓ. ch is the
high-order half of the product, for which Hacker’s Delight [14]
gives an algorithm in section 8-2. This leads to Algorithm 3.

Algorithm 3 MUL64 – 64-bit multiplication
Input: a = (ah, aℓ), b = (bh, bℓ)
Output: p = (ph, pℓ) = a×64 b

{Compute ch with the algorithm from Hacker’s Delight}
a0 ← aℓ &(216 − 1) ; a1 ← aℓ ≫ 16
b0 ← bℓ &(216 − 1) ; b1 ← bℓ ≫ 16
c00 ← a0 ×32 b0 ; c10 ← a1 ×32 b0
c01 ← a0 ×32 b1 ; c11 ← a1 ×32 b1
t← c10 +32 (c00 ≫ 16)
ch ← c11+32(t ≫ 16)+32((c01+32(t&(216−1))) ≫ 16)
{Combine ch with other subproducts to compute p}
ph ← (aℓ ×32 bh) +32 (ah ×32 bℓ) +32 ch
pℓ ← aℓ ×32 bℓ

The last line can be replaced by

pℓ ← c00 +32 ((c10 +32 c01)≪ 16) .

It reuses intermediate products, trading one 32-bit multiplica-
tion for two additions and a shift, which may be beneficial.

B. Comparisons

Comparisons usually require two branches, whether signed
or unsigned. However, some special cases can be tested more
efficiently. We will use these special cases throughout the rest
of the paper and assume the efficient replacements.

x ≥ 263 ≡ S64(x) < 0 ≡ S32(xh) < 0
x < 232 ≡ x = xℓ ≡ xh = 0

−231 ≤ S64(x) < 231 ≡ S64(x) = S32(xℓ) ≡ xh = xℓ ≫ 31

For an integer 0 ≤ k < 32, m = ∼(2k − 1):

x < 2k ≡ xh |(xℓ &m) = 0

For an integer 32 ≤ k < 64, m = ∼(2k−32 − 1), s = 63− k:

x < 2k ≡ xh &m = 0

−2k ≤ S64(x) < 2k ≡ (xh ˆ(xh ≫ s))&m = 0

V. CONVERSIONS

This concludes our survey of well-known algorithms and
how we can leverage them within the constraints of JavaScript.
We now introduce algorithms that, to the best of our knowl-
edge, have not been formally studied before.

Our division algorithms and conversions to strings will
exploit the binary64 division, by converting 64-bit integers
to binary64 values and back. It is therefore important to get
good code for these conversions.

A. Conversions to binary64 values

Converting a 64-bit integer to a binary64 value using the
unsigned interpretation is done as

RN(x) = RN
(
232xh + xℓ

)
= RN

(
RN

(
232 · FP(xh)

)
+ FP(xℓ)

)
,

which gives the code 232*(xh>>>0) + (xl>>>0). For the
signed interpretation, (1) leads to

RN(S64(x)) = RN
(
232 · S32(xh) + xℓ

)
= RN

(
RN

(
232 · FP(S32(xh))

)
+ FP(xℓ)

)
,

which gives the code 232*xh + (xl>>>0).

B. Unsigned conversion from binary64 values

Given x ∈ F64, 0 ≤ x < 264, we are interested in finding
(yh, yℓ) such that y = ⌊x⌋.

If we have access to the binary64 bit pattern of the input, we
can use integer arithmetic operations as usual. In JavaScript,
while we can extract the bits of an F64 using a scratch
DataView, it is not always efficient, depending on the engine.

We use the JavaScript instructions yh = (x*2
−32)|0 and

yl = x|0, which compute

yh = truncate
(
RN

(
x · 2−32

))
mod232 =

⌊
x/232

⌋
mod232,

yℓ = truncate(x)mod 232 = ⌊x⌋mod232

(even if x or RN
(
x · 2−32

)
are subnormal values).

Lemma 1. Given x ∈ R, 0 ≤ x < 264, yh = ⌊x/232⌋mod232

and yℓ = ⌊x⌋mod232, we have y = 232yh + yℓ = ⌊x⌋.

Proof. For all a ∈ R, b ∈ N, b > 0, we have

⌊a⌋mod b = ⌊a⌋ − b · ⌊⌊a⌋/b⌋ = ⌊a⌋ − b · ⌊a/b⌋ (2)

where ⌊⌊a⌋/b⌋ = ⌊a/b⌋ follows from Theorem 3.11 in [5].
Using (2) twice, and x < 264, we get

yℓ = ⌊x⌋mod232

= ⌊x⌋ − 232 ·
⌊
x/232

⌋
,

yh =
⌊
x/232

⌋
mod232 =

⌊
x/232

⌋
− 232 ·

⌊(
x/232

)
/232

⌋
=

⌊
x/232

⌋
,

y = 232yh + yℓ = 232 ·
⌊
x/232

⌋
+ ⌊x⌋ − 232 ·

⌊
x/232

⌋
= ⌊x⌋ .



VI. DIVISION ALGORITHM

We now present the main contribution of this paper: our
division algorithm. We focus on unsigned division for most of
this section, and briefly cover signed division in Section VI-C.

Given two 64-bit integers a = (ah, aℓ) and b = (bh, bℓ), we
want to compute q = div(a, b) and r = rem(a, b).

We divide the algorithm into three cases, depending on the
magnitude of b: 0 < b < 221, 221 ≤ b < 263 and 263 ≤
b < 264. We present and prove the first two subalgorithms in
separate sections. The third one is straightforward.

We will use the following properties.

Property 1. For x ∈ R, y ∈ F64, if x ≤ y then RN(x) ≤ y,
and if x ≥ y, then RN(x) ≥ y.

Proof. Immediate from RN(y) = y and the weak monotonic-
ity of RN.

Property 2. For x, y ∈ N, x, y ≤ 253, y ̸= 0, we have
⌊RN(x/y)⌋ = ⌊x/y⌋.

Proof. Corollary of Theorem 1 in [11].

Property 3. For x, y ∈ R, x̂ = RN(x) and ŷ = RN(y),
assuming no overflow, underflow or subnormal, we have∣∣∣∣RN(x̂ · ŷ)− xy

xy

∣∣∣∣ < 2−51,

∣∣∣∣RN(x̂/ŷ)− x/y

x/y

∣∣∣∣ < 2−51.

Proof. Corollary of [1], section I.B, which shows the stricter
bounds < 3u for xy and 3u+u2 for x/y, with u = 2−53.

Property 4. For x, y ∈ R, n ∈ N, if 0 ≤ x − y ≤ n, then
0 ≤ ⌊x⌋ − ⌊y⌋ ≤ n.

Proof. Recall that the floor function is weakly monotonic.
Since x ≥ y, we have ⌊x⌋ ≥ ⌊y⌋ and ⌊x⌋ − ⌊y⌋ ≥ 0.
From x ≤ n + y, we get ⌊x⌋ ≤ ⌊n + y⌋ = n + ⌊y⌋, hence
⌊x⌋ − ⌊y⌋ ≤ n.

Property 5. For a, b, c, n ∈ Z, x = a−b·c, if 0 ≤ x < 2n (i.e.,
x fits in an unsigned n-bit integer), then x = a −n (b ×n c).
If −2n−1 ≤ x < 2n−1 (i.e., x fits in a signed n-bit integer),
then x = Sn(a−n (b×n c)).

Proof. The unsigned case follows from x = xmod2n and
elementary modular arithmetics. The signed case follows from
x = Sn(xmod2n).

A. Case 0 < b < 221

We use Algorithm 4. It essentially follows a 2-step short
division algorithm in base 232, with some care when using
floating point operations.

Theorem 1. Given a = (ah, aℓ), b = (bh, bℓ), 0 < b <
221, Algorithm 4 computes q = (qh, qℓ) = div(a, b) and r =
(rh, rℓ) = rem(a, b).

Proof. We have b = bℓ and bh = 0.
Since 0 ≤ rem(ah, b) < b < 232, by Property 5 we have

k = ah −32 (bℓ ×32 div(ah, bℓ)) = rem(ah, b) . (3)

Algorithm 4 DIV64-CASE1 – division for 0 < b < 221

Input: a = (ah, aℓ), b = (bh, bℓ), 0 < b < 221

Output: q = (qh, qℓ) = div(a, b), r = (rh, rℓ) = rem(a, b)
Assert: bh = 0.
qh ← div(ah, bℓ)
k ← ah −32 (bℓ ×32 qh)
a′ ← (k, aℓ) = 232k + aℓ
q0 ← RN(RN(a′)/FP(bℓ))
Assert: 0 ≤ q0 < 232

qℓ ← ⌊q0⌋
rh ← 0
rℓ ← aℓ −32 (bℓ ×32 qℓ)

When only the remainder is required, this property can be used
to replace the first two lines of the algorithm by

k ← rem(ah, bℓ) .

Since k < b, we have a′ = 232k+aℓ < 232 ·(k+1) ≤ 232b.
Hence, a′ < 232+21 = 253, and a′ ∈ F64. RN(a′) = a′ and
FP(bℓ) = bℓ = b. This step of the proof is the reason we must
have b < 221 in this subalgorithm, with 21 = 53− 32.

We now have q0 = RN(RN(a′)/FP(bℓ)) = RN(a′/b).
Since 0 ≤ a′, b < 253, from Property 2, we get

qℓ = ⌊q0⌋ = ⌊RN(a′/b)⌋ = ⌊a′/b⌋ . (4)

Using that equality and the fact that 0 ≤ a′/b < 232b/b = 232,
we know that 0 ≤ q0 < 232. Therefore, we know how to
compute ⌊q0⌋ using the 32-bit arithmetic from Section III.

Using (3) and (4), we can derive

a′ = 232k + aℓ =
(
232ah + aℓ

)
− 232 · b · div(ah, b)

qℓ = ⌊a′/b⌋ = ⌊a/b⌋ − 232 · div(ah, b)

and conclude that

q = 232 · div(ah, b) +
(
⌊a/b⌋ − 232 · div(ah, b)

)
= div(a, b) .

Finally, since rem(a, b) < b < 232, by Property 5 we have

r = 232 · 0 + rℓ = aℓ −32 (bℓ ×32 qℓ) = rem(a, b) .

B. Case 221 ≤ b < 263

In this case, we compute an approximation of the quotient
using double division, where we approximate the dividend and
divisor as binary64 values. We then compute the approximated
remainder associated to that approximated quotient (using 64-
bit integer operations for the definition of remainder), and use
it to correct the result.

We use Algorithm 5. We prove it with the weaker require-
ment b ≤ 263, which is useful for signed division.

Theorem 2. Given a = (ah, aℓ), b = (bh, bℓ), 221 ≤ b ≤
263, Algorithm 5 computes q = (qh, qℓ) = div(a, b) and r =
(rh, rℓ) = rem(a, b).

Proof. If a = 0, it is straightforward to verify that q̂ = 0 and
r̂ = a = 0. Therefore S64(r̂) < 0 is false. The algorithm takes
the else branch, where q = q̂ = 0 and r = r̂ = 0, as desired.



Algorithm 5 DIV64-CASE2 – division for 221 ≤ b ≤ 263

Input: a = (ah, aℓ), b = (bh, bℓ), 221 ≤ b ≤ 263

Output: q = (qh, qℓ) = div(a, b), r = (rh, rℓ) = rem(a, b)
â← RN(a)
b̂← RN(b)
q̂0 ← RN(â/b̂)
q̂1 ← RN

(
q̂0 + 2−8

)
Assert: 0 ≤ q̂1 < 264

q̂ = (q̂h, q̂ℓ)← ⌊q̂1⌋
r̂ = (r̂h, r̂ℓ)← a−64 (b×64 q̂)
if S64(r̂) < 0 then
q ← q̂ −64 1
r ← r̂ +64 b

else
q ← q̂
r ← r̂

end if

For the remainder of the proof, we have 1 ≤ a < 264.
Hence, 2−63 = 1/263 ≤ a/b < 264/221 = 243.

From Property 1, 1 ≤ a < 264 and 221 ≤ b ≤ 263, we have
1 ≤ â ≤ 264 and 221 ≤ b̂ ≤ 263. Therefore, 2−63 = 1/263 ≤
â/b̂ ≤ 264/221 = 243, and 2−63 ≤ q̂0 = RN(â/b̂) ≤ 243.

That means that no overflow nor underflow happens during
the computation of q̂0, and that no subnormals are involved.
Using Property 3, we have∣∣∣∣∣RN(â/b̂)− a/b

a/b

∣∣∣∣∣ < 2−51 ,

hence

|q̂0 − a/b| < 2−51 · a/b < 2−51 · 243 = 2−8.

If q̂0 < 2−7, it follows from the above bound that a/b < 1
hence div(a, b) = ⌊a/b⌋ = 0. Further, q̂1 < 1 and hence
q̂ = 0.

Otherwise, 2−7 ≤ q̂0 ≤ 243. In that case, the floating-point
addition RN

(
q̂0 + 2−8

)
is exact. Therefore, q̂1 = q̂0 + 2−8.

We bound q̂0 − a/b on the negative and positive sides as

−2−8 < q̂0 − a/b < 2−8

0 < q̂0 − a/b+ 2−8 < 2 · 2−8

0 < q̂1 − a/b < 2−7.

By Property 4, it follows that

0 ≤ ⌊q̂1⌋ − ⌊a/b⌋ = q̂ − div(a, b) ≤ 1 .

We know how to compute RN(a) and RN(b) using the
algorithm of Section V. Likewise, since 2−8 ≤ q̂1 ≤ 243+2−8,
we know how to compute a 64-bit integer q̂ = (q̂h, q̂ℓ) = ⌊q̂1⌋.

Since q̂ and div(a, b) are integers, q̂ − div(a, b) ∈ {0, 1}.
Moreover, −263 ≤ −b ≤ a− b · q̂ < b ≤ 263. By Property 5,

a− b · q̂ = S64(a−64 (b×64 q̂)) = S64(r̂) .

We can therefore use the estimated remainder r̂, interpreted
as a signed integer, to determine whether q̂ was off by one,
and fix the result accordingly.

Improvement: If b ≤ 231, we get −231 ≤ a− b · q̂ < 231.
We can then compute r̂ as a signed 32-bit integer instead:

r̂ ← aℓ −32 (bℓ ×32 q̂ℓ) .

This is particularly useful when the divisor is constant (see
Algorithm 9), in which case we do not need an additional
branch to leverage this improvement.

We can extend the range of validity of the algorithm down
to 214 ≤ b, by increasing the constant 2−8 up to 2−1. However,
it is desirable for that constant to be as small as possible. That
makes it more likely that we take the else branch. In addition
to being less expensive, it makes it more predictable. Since
the cases b < 221 are covered by Algorithm 4, we choose the
smallest constant to cover 221 ≤ b.

C. Putting it all together

Divisors greater than 263 defeat the correction code of
Algorithm 5. Handling them is however straightforward. We
integrate them directly into Algorithm 6, which implements the
full unsigned division. It dispatches on the various algorithms
based on the scale of b.

Algorithm 6 DIV64 – full unsigned 64-bit division
Input: a = (ah, aℓ), b = (bh, bℓ), b ̸= 0
Output: q = (qh, qℓ) = div(a, b), r = (rh, rℓ) = rem(a, b)

if b < 221 then
(q, r)← DIV64-CASE1(a, b)

else if b < 263 then
(q, r)← DIV64-CASE2(a, b)

else if a ≥ b then
q ← 1 ; r ← a−64 b

else
q ← 0 ; r ← a

end if

Algorithm 7 implements signed division. It is straightfor-
ward: compute the absolute value of the operands, perform un-
signed division, and fix the sign of the result. By construction,
|S64(b)| ≤ 263. Since Algorithm 5 accepts the case b = 263,
we can avoid the second test and dispatch only between the
first two cases. Moreover, we do not need a special case for
dividing −263 by −1. One can verify that it overflows back
to −263, as specified.

Algorithm 7 SDIV64 – full signed 64-bit division
Input: a = (ah, aℓ), b = (bh, bℓ), b ̸= 0
Output: q = sdiv64(a, b), r = srem64(a, b)
a′ ← |S64(a)| ; b′ ← |S64(b)|
if b′ < 221 then

(q′, r′)← DIV64-CASE1(a′, b′)
else

(q′, r′)← DIV64-CASE2(a′, b′)
end if
q ← if S64(a ˆ b) < 0 then 0−64 q

′ else q′

r ← if S64(a) < 0 then 0−64 r
′ else r′



VII. DIVISION BY A CONSTANT

When the divisor is a constant, optimizing compilers typi-
cally rewrite divisions using shifts, additions and multiplica-
tions. For divisors that are powers of 2, straightforward appli-
cation of the techniques found in [14] yields very efficient code
with our 64-bit integers, including for signed division. For
non-powers of 2, it is possible to use the general techniques
described in [6]. However, they require computing the upper
half of a 64 × 64 → 128-bit multiplication, which is costly.
We present variants of Algorithms 4 and 5 that are shorter and
more efficient. We can select the appropriate one at compile
time, based on the scale of b, and inline it.

A. Case 0 < b < 218

When 0 < b < 218, we can replace the floating-point divi-
sion of Algorithm 4 by a multiplication, using the procedure
in [6], Section 7. They show that if a and b are n-bit integers,
and we have a floating-point system with F ≥ n + 3 bits of
mantissa (F = 53 for binary64), then

⌊a/b⌋ = ⌊RN(a · m̂)⌋ given m̂ = RN

(
1 + 22−F

b

)
. (5)

We precompute m̂, then use Algorithm 8.

Algorithm 8 DIV64-CASE1-CONST – division for a constant
0 < b < 218

Input: a = (ah, aℓ), b = (bh, bℓ), 0 < b < 218, m̂ ∈ F64

Output: q = (qh, qℓ) = div(a, b), r = (rh, rℓ) = rem(a, b)
As Algorithm 4, except for the computation of q0:
q0 ← RN(RN(a′) · m̂)

Theorem 3. Given a = (ah, aℓ), b = (bh, bℓ), 0 < b < 218,
and m̂ = RN((1+2−51)/FP(b)), Algorithm 8 computes q =
(qh, qℓ) = div(a, b) and r = (rh, rℓ) = rem(a, b).

Proof. Similar to Theorem 1. Here, a′ < 232+18 = 250.
Therefore, a′ and b are 50-bit integers. We apply (5) with
F = 53 and n = 50 to derive

qℓ = ⌊q0⌋ = ⌊a′ · m̂⌋ = ⌊a′/b⌋ .

The rest of the proof is the same as in Theorem 1.

Note that we leave qh ← div(ah, bℓ) as is in the algorithm.
JavaScript engines can recognize the integer division by the
constant bℓ, and optimize it with the general technique of [6].2

B. Case 218 ≤ b < 263

We use a variant of Algorithm 5. Instead of computing
RN(RN(â/b̂) + 2−8), we can precompute a well-chosen
constant m̂ and then perform a single multiplication RN(â·m̂)
at run-time.

Choose k ∈ N, k ≥ 14 such that m = 1/b + 2−51−k ≤
2−k (that requires b > 214). Precompute m̂ = RN(m), using
extended precision in the intermediate computations. Then use
Algorithm 9.

2For example: V8 (https://tinyurl.com/v8-div-const) and SpiderMonkey
(https://tinyurl.com/sm-div-const) perform that optimization.

Algorithm 9 DIV64-CASE2-CONST – division for a constant
214 < b ≤ 263

Input: a = (ah, aℓ), b = (bh, bℓ), 214 < b ≤ 263, m̂ ∈ F64

Output: q = (qh, qℓ) = div(a, b), r = (rh, rℓ) = rem(a, b)
â← RN(a)
q̂1 ← RN(â · m̂)
Then as in Algorithm 5. We do not compute b̂ nor q̂0.

Theorem 4. Given a = (ah, aℓ), b = (bh, bℓ), 214 < b ≤ 263,
k ∈ N, k ≥ 14 such that m = 1/b + 2−51−k ≤ 2−k, m̂ =
RN(m), Algorithm 9 computes q = (qh, qℓ) = div(a, b) and
r = (rh, rℓ) = rem(a, b).

Proof. The case a = 0 is trivial. We assume 1 ≤ a < 264.
Since 1/b ≥ 2−63, we have m > 2−63. Together with m ≤

2−k, we get 2−63 < am < 264−k. We also have 2−63 ≤ m̂ ≤
2−k, and 2−63 ≤ RN(â · m̂) ≤ 264−k.
q̂1 = RN(â · m̂) is an approximation of am. No overflow,

underflow or subnormal is involved in its computation, there-
fore Property 3 gives us∣∣∣∣RN(â · m̂)− am

am

∣∣∣∣ < 2−51,

hence

|q̂1 − am| < 2−51 · am ≤ 2−51a · 2−k = 2−51−ka ,

−2−51−ka < q̂1 − am < 2−51−ka
−2−51−ka < q̂1 − a/b− 2−51−ka < 2−51−ka

0 < q̂1 − a/b < 2 · 2−51−ka .

Since a < 264 and k ≥ 14, we get

0 < q̂1 − a/b < 2−50−ka < 2−50−14 · 264 = 1

and from Property 4, we get 0 ≤ q̂ − div(a, b) ≤ 1 as before.
The rest of the algorithm and the proof are as in Theorem 2.

Under the conditions of the theorem, any choice of k is
valid, though it is desirable to choose k as large as possible
to minimize the offset 2−51−k (minimizing the chance that a
correction is necessary). From the constraint 1/b+2−51−k ≤
2−k, we can show that k > ⌊log2 b⌋ is never valid, and that
14 ≤ k ≤ ⌊log2 b⌋ − 1 is always valid. That makes the latter
bound a near-optimal choice that is easy to compute.

VIII. CONVERSION TO STRING

Converting an integer to string involves several divisions by
the radix. Despite our improvements, our division algorithm
still pales compared to a primitive 32-bit integer division. It
is therefore useful to have dedicated algorithms.

JavaScript supports conversions using radices 2 to 36, using
the method call x.toString(∆), where x is a binary64
number and ∆ the radix. We will refer to that function as
JSTOSTRING(x,∆). Its specification guarantees a fixed rep-
resentation without period when x is an integer and |x| < 1021.
This is useful to us. We can use it to accurately convert an



integer x to a string if |x| ≤ 253 < 1021, using the conversion
algorithms of section V, since those conversions are exact.
Algorithms 10 and 11 use this idea. They delegate to a third
algorithm 12 when x is too large.

At least one of the two first tests is required, since
TOSTRINGLARGE requires x ≥ 230. They could be joined,
or the second case could be joined with the third case.
Experimentally, using the 3 cases gives the best performance.

Algorithm 10 TOSTRING – unsigned conversion to string
Input: x = (xh, xℓ), ∆ ∈ N, 2 ≤ ∆ ≤ 36
Output: the string representation of x in base ∆.

if x < 232 then {i.e., x = xℓ}
return JSTOSTRING(FP(xℓ),∆)

else if x < 253 then
return JSTOSTRING(RN(x),∆)

else
return TOSTRINGLARGE(x,∆)

end if

Algorithm 11 STOSTRING – signed conversion to string
Input: x = (xh, xℓ), ∆ ∈ N, 2 ≤ ∆ ≤ 36
Output: the string representation of S64(x) in base ∆.

if S64(x) = S32(xℓ) then
return JSTOSTRING(FP(S32(xℓ)),∆)

else if −253 ≤ S64(x) < 253 then
return JSTOSTRING(RN(S64(x)),∆)

else if S64(x) < 0 then
return "-"+ TOSTRINGLARGE(0−64 x,∆)

else
return TOSTRINGLARGE(x,∆)

end if

To convert a large unsigned 64-bit integer x ≥ 253, we use
Algorithm 12. It is a variant of Algorithm 9. The divisor d
and m̂ come from a table ToStringTable. For a radix ∆,
ToStringTable[∆] contains a tuple (d,w, m̂) such that:

• d = ∆w for some integer w and 230/∆ < d ≤ 230, and
• m̂ = RN(m) for m = 1/d+ 2−51−k and k = 24.

That table can be precomputed ahead of time or computed on
first use. It turns out that, for all the d’s in that table,

RN
(
1/d+ 2−75

)
= RN

(
RN(1/FP(d)) + 2−75

)
,

which provides a straightforward computation for m̂.
In Algorithm 12, the quotients (approximated then fixed) are

stored in an F64, which avoids a round-trip to 64-bit integers.
The remainders are computed and stored as 32-bit integers,
since we know that d ≤ 230.

Theorem 5. Given x = (xh, xℓ), x ≥ 230, 2 ≤ ∆ ≤ 36,
Algorithm 12 returns the string representation of x in base ∆.

Proof. Similar to Theorem 4, with the improvement of com-
puting r̂ as a 32-bit integer.

Since ∆ ≤ 36, the choice k = 24 guarantees

1/d+ 2−51−k ≤ 36/230 + 2−75 < 2−24 = 2−k.

Algorithm 12 TOSTRINGLARGE – large unsigned conversion
to string
Input: x = (xh, xℓ), x ≥ 230, ∆ ∈ N, 2 ≤ ∆ ≤ 36
Output: the string representation of x in base ∆.
(d,w, m̂)← ToStringTable[∆]
x̂← RN(x)
q̂1 ← RN(x̂ · m̂)
q̂ ← ⌊q̂1⌋ {as an F64}
q̂ℓ ← truncate(q̂)mod 232 {in JS: q̂l = q̂|0}
r̂ ← xℓ −32 (d×32 q̂ℓ)
if S32(r̂) < 0 then

q ← RN(q̂ − 1)
r ← r̂ +32 d

else
q ← q̂
r ← r̂

end if
sq ← JSToString(q,∆)
sr ← JSToString(FP(r),∆).padStart(w,"0")
return sq + sr

We can use q̂ℓ instead of q̂ in the computation of r̂ because
q̂ℓ = truncate(q̂)mod 232 = q̂mod232. The floating point
subtraction RN(q̂ − 1) is exact because q̂ ≤ 240.

As in Theorem 4, we get q = div(x, d) and r = rem(x, d).
The last two lines convert them to strings. Since r < d, the
string length of r is bounded by w. The padding forces it to
reach exactly w. q = ⌊x/d⌋ ≥ 1, which means we always
need the contribution of q to the resulting string.

IX. EVALUATION

We implemented all the algorithms mentioned in this paper
in the Scala.js compiler [12]. Among other things, the test
suite includes fuzzing of integer divisions and remainders.

We benchmarked the implementation of the various division
algorithms. The magnitude of the dividends and divisors has a
strong impact on most algorithms. Therefore, we measure the
run-time cost of signed divisions of a by b, where |a| < 2m

and |b| < 2n, for several values of m and n. In each case,
we use 100 random a’s and b’s, and we measure the 10,000
corresponding divisions. Figure 1 shows the results, labeled as
m/n.

The algorithms we compare against are:

• shift-subtract: standard shift-and-subtract algorithm, used
by emscripten, for example,

• shift-subtract with shortcut: a shift-and-subtract loop with
a shortcut through a binary64 division when the remain-
der falls under 253; this was the existing algorithm used
in Scala.js, studied in [2], Section 4.4.2,

• J2CL: an algorithm with repeated approximations using
binary64 divisions and corrections, and

• bigints: conversion to a JavaScript bigint to perform
the division and back into a 64-bit integer.
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Fig. 1. Reciprocal throughput of divisions, normalized to the cost of one 64-bit addition (lower is better). m/n indicates that the absolute values of dividends
(resp. divisors) fit in an m-bit (resp. n-bit) integer. 64/all uses divisors with bit-lengths uniformly distributed from 2 to 64.

In all cases, we use the flat representation with two 32-bit inte-
gers, and the underlying modular operations are implemented
as described in Section IV.

When both m ≤ 53 and 21 < n ≤ 53, shift-subtract
with shortcut is slightly faster than our algorithm. However,
in all other cases, our algorithm outperforms the alternatives.
Moreover, it exhibits near-constant performance—it is slightly
faster when n ≤ 21 (i.e., when we use DIV64-CASE1)—
whereas the other algorithms are subject to significant variation
depending on the magnitude of the operands. This is not
surprising, since they all have loops. The cases 64/8, 64/60
and 64/all are particularly striking.

Our algorithm is therefore more predictable, and generally
faster, than previously-known algorithms for 64-bit integer
divisions.

X. CONCLUSION

We have proposed a new 64-bit integer division algorithm
for the JavaScript platform. It builds on the availability of
efficient 32-bit integers and 64-bit floating point numbers, but
no access to carry bits or the bits of floating point values.
Unlike previously-known algorithms, it contains no loop. It
performs at most one binary64 division and either a 32-bit
integer division or a 64-bit integer multiplication. We have
proven its correctness, including the correctness of conversions
between 64-bit integers and binary64 values.

We have also proposed algorithms for constant divisors and
for conversions of 64-bit integers to strings, using similar tech-
niques, and proven the algorithms correct. These algorithms
perform a single binary64 multiplication.

We implemented all the algorithms mentioned in this paper
in the Scala.js compiler [12]. The same algorithms can be
implemented by other compilers with 64-bit integers targeting
JavaScript, such as emscripten [15], GHCJS [4], J2CL [8],
Js_of_ocaml [9], or Kotlin/JS [10]. Our division algorithm is
more predictable and generally faster than the alternatives.
Currently, they use various loop-based algorithms for 64-bit
integer divisions and conversions to strings.
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