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Abstract—We study fast fused multiply-add (FMA) kernels for
approximating ab + c¢ in extended precision using double-word
(DW) representations in floating-point (FP) arithmetic. We focus
on how worst-case guarantees depend on the overlap between
the high and low parts, modeled by parameterized conditions
of the form |z,|] < kulp(z,) (and two- and three-parameter
variants for multiple DW inputs). We consider the dominance
regime |c| > 2|ab| and its DW analogues (e.g., |cn| > 2|ab| and
len| > 2|abg|), which occur in polynomial evaluation for accu-
rate elementary functions and in cancellation-free constructions.
Within this regime, we tighten and extend error analyses for
several FMA-based schemes used in recent extended-precision
implementations. We analyze FP/DW and DW/DW variants,
derive explicit worst-case constants for both the returned low part
and the overall relative error, and provide matching worst-case
examples. The resulting bounds give a unified and quantitative
view of how DW-overlap assumptions affect the accuracy of fast
extended-precision FMA building blocks.

Index Terms—floating-point arithmetic, double-word arith-
metic, fused multiply-add, rounding error analysis, mixed-
precision, extended-precision, elementary functions

[. INTRODUCTION

We study fast fused multiply—add (FMA) kernels for ap-
proximating ab + c in extended precision using double-word
(DW) representations in floating-point (FP) arithmetic, i.e.,
pairs of FP numbers whose sum represents a real number more
accurately than a simple FP number (see for example [1]-[3]
and the references therein). For FP or DW inputs we seek
worst-case, quantitative guarantees for the returned DW, and
we make explicit how these guarantees depend on admissible
overlap between the high and low parts of the input.

The error of a floating-point FMA operation can be ex-
pressed exactly as the sum of two FP numbers, and exact and
approximate algorithms for doing that are given in [4], but
these general algorithms are complex and expensive. Another
natural baseline is to implement extended-precision updates
using classical DW arithmetic. By composing standard error-
free transformations such as (FAST)TwOSUM for addition
and TWOPRODFMA for multiplication, one obtains generic,
well-studied kernels for DW addition and DW multiplica-
tion [3, §14.1]. These kernels have a non-negligible operation
overhead and typically require a final (FAST)TWOSUM-based
renormalization step to restore the non-overlapping property.

When it is known in advance that damaging cancellation
cannot occur, a DW evaluation of ab + ¢ can be implemented
more cheaply using for example Algorithms DWTIMESDW 1
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and SLOPPYDWPLUSDW, which were proposed in the QD
library [5] and analyzed in [2]. If some overlap can be
tolerated for the output, these algorithms can be simplified
further by omitting the final renormalization step, yielding an
approach similar to that of pair arithmetic [6]. Moreover, under
additional conditions such as “|c| dominates |ab|”, TWOSUM
can be replaced with FASTTWOSUM. In this case, the DW
evaluation of ab + c requires about 1-3 multiplications, 1-3
FMAs, and 57 additions/subtractions (depending on whether
a variant such as DWTIMESDW?2 or DW_mul [7] is used).

That said, when |c¢| dominates |ab|, one can design even
faster FMA-centric schemes with controlled worst-case error.
Such algorithms have been applied to scaled vector addi-
tion [8], matrix products [7], [9], and the implementation of the
exponential function [10]. Very interestingly, the dominance
condition exploited in [7], [9] is in fact only |c| > 2|ab|. This
condition turns out be well suited not only to linear algebra but
also, as briefly recalled below, to the efficient implementation
of correctly rounded elementary functions.

Motivation — FP implementation of elementary functions:
Standard implementations first apply a range reduction to
map the input to a small interval around zero, using stan-
dard functional identities. On this interval, the function is
approximated by a polynomial co + ¢1x + - - - + ¢, 2™ usually
evaluated with Horner’s rule or parallel variants such as
Estrin’s method [11, §9]. Hereafter we will focus on Horner’s
rule although much of the discussion still holds with Estrin’s.
Early libraries built real-coefficient approximations (e.g., via
the Remez algorithm), rounded the coefficients to FP, and
applied Horner’s rule

Tp = Cpy, Tk :=TgZ+cy, k=n—1:0, (D
with successive FMAs, typically achieving an error of a
few ulps. When higher accuracy is at stake, for example if
we aim for correctly rounded functions, we need to use a
different strategy. First, correctly rounded functions [12], [13]
are typically implemented using a two-path process: in a fast
path, a polynomial approximation of reasonably small degree
is used, and it is accurate enough that it almost always suffices
to determine the correctly rounded result. If the fast path
does not suffice, then an accurate path is called. In a typical
implementation, the accurate path is needed in about 0.1% of
the cases. Second, we make three remarks.



« Rounding the coefficients of a best (or near-best) real
degree-n approximation does not in general yield a
best (or near-best) degree-n polynomial with FP coef-
ficients. Dedicated methods [14], [15], implemented in
Sollya [16], directly target near-best FP polynomials,
possibly under additional constraints such as assigning
specific values to some of the coefficients ¢, or requiring
some of them to be DW numbers.

o Ultimate accuracy is hard to reach when the largest
precision available in hardware is the one of the target
format; in this case, one may resort to DW (or even triple-
word) arithmetic, either for intermediate computations
and/or to store some coefficients, at a non-negligible cost.

o This cost is nevertheless often acceptable in practice:
range reduction makes |z| small and coefficients typ-
ically decay rapidly, so high-degree terms contribute
little. Thus, fast paths compute the first Horner iterations
Th—1,Tn—2,... naively in the target format, and use DW
arithmetic only in the last few steps. Accurate paths may
use more DW operations, but since they are rarely taken,
they contribute less to the average latency.

This evaluation strategy is thus particularly well-suited to
the cancellation-free condition |c| > 2|ab| mentioned previ-
ously: the argument is small (typically, || < 1) and the
polynomial coefficients have decreasing magnitudes, so that in
Horner updates (1) we generally have |c| > |rpi12|. Also,
in practice several mixed-precision variants will occur: z is
either DW (result of the range reduction) or FP (when no
reduction is necessary); the partial evaluation 41 is usually
DW (except at the end of the naive part when it is still FP);
and, finally, for the fast paths the coefficient c; is often FP
(possibly becoming DW in the last few critical steps), but can
also be DW at almost all steps of some accurate paths.

Extended-precision FMA cases: We consider the follow-
ing variants (with their name and corresponding section):

e FP x FP + FP — DW [FASTTWOFMA, Sec. 1I-B]

e FP x FP + DW — DW [FASTTWOFMA_s, Sec. III-A]
e« FP x DW + DW — DW [FASTFMA_DWH, Sec. III-B]
e DW x DW 4+ DW — DW [FASTFMA_DW, Sec. Il1I-C]

The names are those of the algorithms presented in [7], [9],
but note that FASTTWOFMA is called QuickTwoFMA in [10].

Contributions: We give a unified worst-case study for
these variants, in the regime where the addend dominates
the product. We first tighten the analysis of FASTTWOFMA,
proving a sharp worst-case bound and giving matching worst-
case inputs. We then extend the analysis to the mixed and
fully DW kernels, tracking explicitly how allowing overlap
between the high and low parts of the input pairs affects:
(1) how small the returned low part is, and (ii) the overall
relative error of the two-term result. We derive explicit worst-
case constants (as functions of the overlap parameters) and
provide worst-case examples that show these constants are
optimal or asymptotically optimal. Finally, we illustrate the
practical relevance on a CORE-MATH binary64 exp accu-
rate path [12]: expressing the Horner update directly with

FASTFMA_DW reduces the operation count compared with
a classical DW multiply-then-add step, and yields, in our
experiments, a measurable speedup of ~ 10% on hard-to-
round inputs without breaking the accurate-path correctness.

II. BACKGROUND AND PRELIMINARIES

We assume a binary, precision-p, FP arithmetic compliant
with IEEE-754 (in particular, the arithmetic operations and the
FMA are correctly rounded). We denote by F the set of the
FP numbers and, for the sake of simplification, we assume
that its exponent range is unbounded. This means that the
results presented in this paper hold as soon as underflow and
overflow do not occur. In practice, this is not a concern for our
problem of evaluating polynomials that approximate functions,
as the preliminary range reduction eliminates extreme values.
We assume that p > 2 and that the rounding function,
denoted RN, is round-to-nearest with ties to even. The unit
roundoff is v = 277 and we also often use the related quantity
up = u/(14u). For 2 € R\{0} we write ufp(z) = 2lloezI=l]
and ulp(z) = 2u-ufp(z); by convention, ulp(0) = ufp(0) = 0.
Properties of these functions can be found in [3], [17].

A. DW overlap assumptions and dominance regimes

In this paper, a double-word (DW) number will be a pair
x = (zp,2¢) € F? such that ;, = RN(xj, + ¢). Whenever
convenient, we write © = xj, + . Such a pair satisfies

|| < Julp(z) < Julp(zp).

In particular, z;, = 0 implies 2y = 0, since ulp(0) = 0. We
will also consider some relaxed versions, of the form

|.13[| < kzulp(xh), k’z > O,

with &, being a small FP number or even a small power of two.
Note that similar overlapping properties also appear in [6].

We wish to compute d := dj, + dy =~ ab + ¢ with a,b, ¢
either (possibly relaxed) DW numbers (a = aj + ay, etc.) or
FP numbers (e.g., ap = 0). We focus on dominance regimes
of the form |¢p,| > 2|apby| (with ap, = a if a € F, etc.). Note
that when we consider relaxed DW operands and elementary
function evaluation with Horner’s rule, a, b, ¢ do not play a
symmetrical role:

o cis acoefficient of a polynomial that has been determined
once for all. Hence, it can be renormalized in advance:
in all practical cases, we always have k. < %;

o b is the result of range reduction. It will have the same
value in all steps of the Horner evaluation. It therefore
makes sense to renormalize it: we very often have k;, < %;

o unless there are only a very few Horner steps that
need DW arithmetic, it would be costly to perform a
renormalization at each step. Hence, in general, k, > %

In this context we will heavily use the following properties:
e Ifz€R, f €T, and |z| < f then |RN(z)| < f.
o If z € R and r € Ry then

2] <r = |RN(z)—2z|<u- oflog271=1 (2



e If a is a DW number, then |a;| < min{uufp(a),u|a|}

with ufp(a) < ufp(an) < |ag|-

Moreover, all the algorithms we examine in this paper rely
on a fourth property, given in [7]: if d = RN(ab + ¢) with
a,b,c € F such that |c| > 2|ab|, then ¢ — d € F and thus
¢ —d =RN(c — d). This allows to easily compute, with only
one (exact) subtraction and one FMA, the FP number e nearest
to the error committed when approximating ab + ¢ by d:

e :=RN((ab+ ¢) — d) = RN(ab + RN(c — d))).

B. Improved error analysis of Algorithm FASTTWOFMA

We start with a straightforward yet improved analysis of Al-
gorithm 1 FASTTWOFMA [7], which given a, b, ¢ € F returns
d = (dp,dy) such that the exact sum dj, + d; approximates
ab + ¢ with high accuracy under suitable conditions.

Algorithm 1: FASTTWOFMA (a, b, ¢)
dp, < RN(ab+ ¢)
t <+ RN(C — dh)
dy RN(ab + t)
return (dj,, dy)

As noted in [10], this algorithm is cheap, as it uses only two
FMAs and one addition, but can fail to approximate ab+c with
about twice the working precision if no additional assumption
is made about a, b, c. We refer in particular to [9] for some
interesting examples showing that the relative error of dj, +dy
can range from about u to 1 and thus be much larger than 2.

Some conditions were then identified in [7], [9] that suffice
to always ensure a relative error in O(u?). Specifically, it was
shown that if the difference ¢ — dj, is in I then the relative
error of dj, + d is at most u? /(1 +u)? and thus less than u2,
and that |dy| < u|ab+ c|; as said before, it was also remarked
that the sufficient condition c—dj, € F is satisfied in particular
when the dominance condition |c| > 2|ab| holds.

In our first result below, we show that the relative error
bound u?/(1 + u)? can be replaced by 3u* and that this new
bound is tight. We also note that the bound |dy| < u|ab+ ¢ is
tight and give a similar one, which is tight as well but depends
on the computed quantity dj, instead of the exact value ab+c.

Theorem 1. Given a,b,c € F, let (dy,dy) be the output of
FASTTWOFMA (a,b,c). If c — dj, € F then

|d¢| < tulp(dy) and d=(ab+c)(1+4), |5 < iu’.

Moreover, the bound on |dy| is optimal and the bound on the
relative error |8| is asymptotically optimal.

Proof. Since ¢ — dj, € F, we have dy = RN(e), where e :=
ab+ ¢ — dy,. Using |e| < Lulp(ab+ ¢) we deduce that |d,| <
ulp(ab + ¢) < Julp(dy,), as wanted.

To bound the relative error we proceed as in the proof of [18,
Prop. 1]: since d— (ab+c) = RN(e) — e with |e| < ulp(ab+
¢) = uufp(ab+c), we have |d— (ab+c)| < Luufp(ab+c) as
a consequence of (2). If ufp(ab+¢) < |ab+¢| then it follows
immediately that the relative error is bounded as [§| < fu?.

If ufp(ab 4 ¢) = |ab + ¢| then dj, = ab + ¢, which implies
t=—ab, d, =0, and dj, +dy = ab + c.

Tightness. If (a,b,c¢) = (u,1,1) then d, € {1,1 + 2u},
t=c—dp €{0,—2u} CF, d; = +u, and so |dy|/ulp(dy) =
1/2 and |dg|/|ab + ¢| = u3 ~ u as u — 0. This means that
our bound |d;| < Lulp(dy) is optimal and that the bound
|de| < ulab 4+ ¢| from [9] is asymptotically optimal.

If (a,b,¢c) = (1 — u, 3u,1) then ab+ ¢ = 1+ 3u — 3u?,
dp =1+2u,c—dp = —2u=t,d;, = —u/2 — 2u?, and so
|d — (ab+ c)| = 3u® and || ~ 1u® as u — 0. Hence our

2
1u? is asymptotically optimal. O

relative error bound su

In practice, the fact that the new bound %uz is tight is easy
to observe for the usual FP formats. For example, the input
(a,b,¢) = (1—u, 2u,1) used in the proof above leads to || ~
0.497u? for bfl6 arithmetic (p = 8) and to |6| ~ 0.499u? for
fp16 arithmetic (p = 11). This kind of phenomenon can be
observed for all the asymptotic bounds we show in this paper.

Note finally that despite the fact that |d¢| < ulp(ds) when
¢ —djp, € F, the pair returned by FASTTWOFMA may not be
a DW number, that is, it can happen that dj, # RN(d}, + dp).
For example, with p > 3 and 0 = pmod 2, taking a =
1—+/u-29/4,b=u(l4++/u-2°/4), and ¢ = 1+ 2u ensures
that a,b,c € F with |¢| > 2|ab|, and leads to d, = 1 + 2u,
d¢ = u, and RN(dj, + dg) = RN(1 4 3u) = 1 4 4u # dp,.

III. DW-OVERLAP ANALYSIS OF FMA ALGORITHMS

We now study how DW overlap impacts worst-case accu-
racy for the remaining kernels. Each returns (dj, d¢) € F? and
we write d := dj+d; = (ab+c¢)(143). The results of our the-
orems are given in function of the overlap parameters. In par-
ticular, Table I summarizes the common case |z¢| < fulp(zp)
for each DW input. These bounds are asymptotically optimal,
and matching worst-case inputs are provided.

TABLE 1
WORST-CASE BOUNDS WHEN EACH DW INPUT & SATISFIES
1
[ze| < Sulp(zp).

Algorithm |de| 16|
3 2u?
FASTTWOFMA_s < 3 ulp(dy) <
1—2u
5 6u?
FASTFMA_DWH < 5 ulp(da) <
1—4u
11u?
FASTFMA_DW <3ulp(dy) <-——17o
1— 6u —u?

A. FASTTWOFMA_S (FP x FP + DW — DW)
We consider here Algorithm 2 FASTTWOFMA_S as in [7],
with a and b two FP numbers and ¢ = ¢, + ¢, a DW number.
Assuming |c,| > 2|ab|, two rigorous error bounds are
established in [9, Theorem 6], which read essentially as

|de| S ulab+ cp| + |cel,

and, writing d = dj, +dy, |[d— (ab+c)| < 2u?|ab+cp|+ulcy|.
We note first that the bound on |d,| is asymptotically
optimal. For example, if (a, b, cp, cg) = (—%—&—%u, 1,1, u—u?)



Algorithm 2: FASTTWOFMA_S(a, b, cp, ¢¢)

dp, RN(ab +cp)
t RN(C}L - dh)
e < RN(ab +t)

dp RN(E + C[)
return (dy, d)

then a,b € F, ¢ is a DW, and |cy| > 2|ab|. Furthermore, for
p >3, d¢ = 3u and ulab + cp| + || = Su — 1u?, so that
both quantities are asymptotically equivalent as u — O.

The second bound, however, can be refined easily by

applying Theorem 1, as the next lemma shows.

Lemma 1. Given a,b € F and ¢ = (cp, ce) a DW number, let
d = (dp, dg) be the output of FASTTWOFMA_S(a, b, ¢y, co).
If |en| > 2|ab| then

|d— (ab+ )| < 3uP|ab + cu| + ulcel.

Proof. We have |d, + d; — (ab+ cp + ¢0)] < A+ A’ with
A=|d,+e—(ab+cp)| < 2u*ab+ ¢, by Theorem 1, and
A = |dy — (e + ¢o)| < urle + co| < ule| + ulep] with |e| <
(I4wuqg)|ab+cp —dp| < (1+ur)ur|ab+ep| < ulab+cp|. O

Using this bound on the absolute error together with the
condition |ab| < |¢p|/2 and the fact that |co| < ulcy| yields

|dn +de — (ab+ )] < %uQ\chL
lab+ el > leal — labl el > (4 = w) e,

so that d = (ab+ ¢)(1 4 6) with [0] < 322-u? ~ 6.5u>.

However, this bound on the relative error is not tight. This
is a direct consequence of our Theorem 2 below, which proves
bounds on |dg|/ulp(dp) and |d|, each as a function of the
overlap parameter k.. In particular, when k. = 1/2 (which
is the case when ¢ is a DW number), this theorem tells us that
an asymptotically optimal bound on |d] is 12_“22u ~ 2u2. This
is more than 3x smaller than the previous bound ~ 6.5u2.

Theorem 2. Let a,b € F and c € F? be such that
|ce| < keulp(ep), k. € Rso,

and let (dp,,dy) := FASTTWOFMA_S(a, b, cp, co).
If |cn| > 2|ab| then

1| < 4k02+ 1

ulp(da)
and d = (ab+ ¢)(1 + d) with

(4w aw?
1—2ku "1 —4kou |’

|0] < max{

where &, = 210822kt D1-1" o .= 9flogy(dket)]=1" 4pg
where we assume' that 4k. + 1 € F. Furthermore, the bound
on |dy| is optimal and, when k. = 1/2, the bound on 0| is
asymptotically optimal.

IThis assumption, which is mostly for simplicity, is reasonable in practice:
as said in §II, k. is often a small FP number or even a small power of two.

Proof. For simplicity, let us write k = k. and x = ab + c¢p.
Since ¢j, — dp, € F when |cp| > 2|ab|, we have dj, = RN(z)
and e = RN(z — dj,).

If = 0 then |¢;| = |ab] > 2]abl, so ab = ¢, = 0. Hence
¢y = 0 and the exact result ab + c is zero. Now, d, = dy = 0,
and so the bounds claimed for |d,| and |6] hold in this case.

Assume that  # 0 and, up to scaling and changing the
signs of b and ¢, that « € [1,2). Defining €1 := e — (z — dj)
and €5 :=dy — (e + ¢¢), we have d — (ab+ ¢) = €1 + €.

Since z € [1,2), we have d}, € [1,2], ulp(dn) € {2u,4u},
|z —dpn| < u, |e] <u, and |e;| < %ug.

Using |cp| > 2|ab|, we deduce that 2 > ab + ¢, > |cp| —
|ab| > |cn|/2 and thus |c,| < 4 and |ab| < 2. It follows that
ulp(er,) < 4u, which gives |¢o| < 4ku and thus |e + ¢ <
(4k + 1)u. Since 4k + 1 € F and ulp(dy) > 2u, we obtain
|de| < (4k + 1)u < (4k +1)/2 - ulp(dp).

Let us now bound the relative error |§| = |d/(ab+c)—1]. If
len| < 2 then ulp(cp) < 2u, |eg| < 2ku, e+ ce| < (2k + 1)u,
and, using (2), we deduce that

2] < Apu?, Ap, o= 2B (2R -1,

Hence |d — (ab + ¢)| < |e1] + |e2]| < (3 + Ax)u? and, using
the fact that |ab + ¢| > |z| — |ce| > 1 — 2ku, we deduce that
1
=4+ A
2 2
=B
1— 2ku" L
Assume now that |cp| € [2,4). Then ulp(cp) < 4u, |co] <
4ku, |e + co| < (4k + Du, and |eo| < Aopu?.
o If|ab] < 1/2then |ab+c| > |cn|—|ab]—|ce| > 3/2—4ku.
Therefore, recalling that |e;| < %uQ, we obtain

9] <

if |Ch| < 2.

l‘1')\216 2
18] < ﬁu =:By  if |ep| > 2 and |ab] < 1/2.
— u

o If |ab] > 1/2 then, since a,b € F, one can check that
ab € u?Z and, using |c;,| > 2, that z —dj, € u?Z as well.
Since |z — dp| < u, we deduce that z — dj, € F and thus

€1 = 0. Hence |d — (ab + ¢)| = |e2| and it follows from
lab + ¢| > |z| — |ce] > 1 — 4ku that

A
16| < —225 42 = By if |cu| > 2 and |ab| > 1/2.

1—4ku

Since k£ > 0 implies Ay, > 1 > 1 — 4ku, one can check
that By < Bs. Consequently, || < max{B;, Bs}.

Tightness. Taking (a, b, cp,ce) = (—1,1 — u,2,4ku) gives
ulp(dp) = 2u and d; = (4k + 1)u, which shows that our
bound on |d| can be attained. However, d = ab + ¢ # 0 in
this case, and so the relative error ¢ is zero. To show that our
bound on |4 is tight, we take instead (a, b, cp,ce) = (—1,1—
u, 2,u(1 —u)a,). Then, for k = 1/2, By < Bs and, on the
other other hand, |c/| = 2u(l — u) < 4ku = kulp(cp), dn =
l,e=wu,¢ =0,and e + ¢, = (1—|—2*£—u)-2zu with
¢ := [log,(4k +1)] — 1. For k > 0 and 4k +1 < 1/u,
we have 0 < £ < p—1= —logyu — 1 and thus 1+ 27¢ €
FN(1,2]. Hence |e2| = 2fu? = a.u? and so |d/(ab+c)—1| =
acu? /(1 +u+u(l — u)o.), which is equivalent to the upper
bound Bz = a.u?/(1 — 4ku) for fixed k and as v — 0. [



B. FASTFMA_DWH (FP x DW + DW — DW)

Algorithm 3 FASTFMA_DWH was given in [9], without
an error analysis. Of course, our analysis of Algorithm 4 with
ay = 0 applies, but in the following we establish better bounds.

Algorithm 3: FASTFMA_DWH(a, by, by, cn, c¢)

dp RN(abh + Ch)
t < RN(Ch — dh)

e < RN(abp, +t)

f < RN(e+¢cp)

dy + RN(abg + f)
return (dj, dy)

Our bounds are parameterized by the overlap factors k;, and
k. of b and c. In particular, when b and ¢ are DW numbers,
we can take k, = k. = 1/2, and in this case Theorem 3 gives
the tight bounds |d,|/ulp(dy,) < 5/2 and |§] < 6u?/(1 — 4u).
Theorem 3. Let a € F and b, c € F? be such that

‘b[| S kbulp(bh) and |Cg‘ S kculp(ch)

Sfor some constants ky, k. € R, and let (dy, dy) be the output
of FASTFMA_DWH(G,, bn, b, cp, C().
If |cn| > 2|aby,| then

de| <

4ky, + ;lkc +1 ulp(dn)

and d = (ab+ ¢)(1 + 0) with

|(S‘ < ma (% + o+ ab,C)u2 (O[C + (‘Yé,c)u2
X
= 1= (2 + dko)u 1 — (dky + dko)u [

where o is as in Theorem 2, oy, . and oy, , are defined as

. oflogy(2kp+4k.+1)]—1
o = 2M1082(2h0 n-1,

a;w = oflogy (4 +4ke+1)] -1

and the constants ky, k., 4k.+1, and 4k, +4k.+1 are assumed
to be in F. Moreover, the bound on |dg| is asymptotically
optimal and, when ky, = k. = 1/2, the bound on |§| is
asymptotically optimal as well.

Proof. Let x = aby, + cp,. If x = 0 then one proceeds as for
FASTTWOFMA_S. If = # 0 then, up to scaling and changing
the signs of b and ¢, one assumes = € [1,2). This implies
2 > |abp, + cp| > |cn| — |aby|, which for |aby| < |cn|/2 gives
len] < 4 and |aby| < 2.

From z € [1,2), |aby| < 2, and |cp| < 4 it follows that
dp € [1,2], |z — dp| < u, le| < u, || < Eeulp(ep) < 4keu,
and |abg| < |a| - kpulp(by,) < 2kpulaby| < 4kyu. Hence |e +
¢s| < (4ke + 1)u and since this bound is in F, we have |f| <
(4kc.+1)u as well. Then |abe+ f| < (4(kp+k.)+1)u € F and
thus |de| < (4(kp + kc) + 1)u as well. Since dj, € [1,2] gives
ulp(dy) > 2u, we arrive at |dy| < (4kp + 4k +1)/2 - ulp(dy).

To bound the relative error |6| = |d/(ab + ¢) — 1|, define
€1 :=e—(x—dp), €2 := f—(e+cy), and €3 := dy— (abe+ f).
Since |z —dp| < u and |e + ¢¢| < (4k. + 1)u, using (2) gives
le1] < 2u? and |ez] < acu?. Let us now bound |es].

If |abn| < 1 then |abe| < |a| - kpulp(by) < 2kpu, so that
labe + f| < (2kp + 4k. + 1)u and thus |eg]| < ab,cuz. Since
lab + ¢| > |z| — |abe| — |ce| > 1 — 2kyu — 4k.u, we obtain

1
o] < 12+ac+ab’c u? =: B

— (2]{7;) + 4]%)’!1

If |aby,| > 1 then aby, € 2u2Z and so is z, which together
with |z — dp| < u implies z — d}, € T, that is, e; = 0. Hence
|d — (ab+ )| < |ea] + |es] < acu? + Jes]. Since |aby| < 2,
we have |ab| < |a| - kpulp(by,) < 4kpu, so that |aby + f| <
(4kp + 4k + 1)u and thus |ez] < aj u?. Since |ab + ¢| >
|| — |abe| — |ce| > 1 — 4kpu — 4k.u, we conclude that

if |aby| < 1.

=B

aC+ag).c .
6] < 1 ; if |abp| > 1.

(4ky, + 4k )u

We thus have shown that |0| < max{B, B’}, as wanted.

Note that B can be larger or smaller than B’ depending on
the choice of parameters (ky, k). For example, k, = k. = 1/2
gives B = 4.5u%/(1 — 3u) < B’ = 6u?/(1 — 4u), while
(ky, ko) = (1/2,1) gives B = 8.5u?/(1 — bu) and B’ =
8u?/(1 — 6u).

Tightness of the bound on |dg|. For p even such that p > 6,
let a = —2 + 3y/u + 12u, (by,be) = (1 4+ Vu — 4u, —2kpu),
and (ep,c0) = (4 — v/u — 24u, 4k.u). One can check that
a7bh,bg,ch,04 e F, ‘b/| = kbulp(bh), |Cg‘ = kculp(ch), and
labn| < |en|/2. Furthermore, z = 2 — u — 48u? is rounded
down to dj, = 2 — 2u, so ulp(d) = 2u and e = u — 48u?.
Hence e + ¢y = u(4k. + 1 — 48u) and, therefore, f = (4k. +
1)u + O(u?). Since aby = (2 — 3v/u — 12u) - 2kyu = 4kyu +
O(u®'?), we deduce that dy = (4ky + 4ke + 1)u + O(u®/?)
and, therefore, |dy|/ulp(dy,) ~ (4kp + 4k. +1)/2 as u — 0.

For p odd such that p > 7, a similar conclusion can be
reached by considering a = —24V2u+8u, by, = 1+ %\/T—
4u, ¢, = 4 — 24u, and by, cp as before.

Tightness of the bound on || when ky = k. = 1/2. In this
case the relative error bound is |6] < 6u?/(1 — 4u). To show
that it is asymptotically optimal, consider a = —(14++v/u - 27)
with ¢ = pmod 2, (bp,b¢) = (1 + v/u/29,u — 4u?), and
(ch,ce) = (2 + 4vVu - 29 + 4u, —2u + 6u?). Then one can
check that a € F, b,c are DW numbers, and |cp| > 2|aby,|.
Furthermore, for p > 8 even, dj, = 1 + 2y/u + 4u and d; =
—4u—uP/? 4+ 16u?, so that d = 1+2y/u—u3/? 4 16u2, which
together with ab+ ¢ = 1+ 2y/u — 1?2 4+ 10u? + 4u5/? shows
that the relative error |d/(ab+c) — 1] is 6u® —O(u®/?) ~ 6u>.

The case where p is odd can be checked in the same way:
forp >7,d, = 1—&—%\/%—&—411, e=—u, f = —3u+8u?, and
dy = —4u—V2u-u+16u?, so that d = 1+ (3 — u)v2u +
16u?, ab+c =1+ (3 — u)v2u + 10u* + 4u?v/2u, and thus
|d/(ab+ c) — 1] = 6u® — 19v/2u’/2 + O(u?) ~ 6u>. O
C. FASTFMA_DW (DW x DW + DW — DW)

Here a, b, ¢ are DW numbers and an approximation d =
ab + c is computed following [9] according to Algorithm 4
FASTFMA_DW.

Assuming |e,| > 2|apby|, two rigorous error bounds are
given for this algorithm in [9, Theorem 7]. Up to higher-order



Algorithm 4: FASTFMA_DW (ay,, ag, by, be, cn, co)

dp, RN(ahbh + Ch)
t <+ RN(Ch - dh)

e < RN(apbp, + 1)
/< RN(e+c)

g < RN(apb; + f)
dl — RN(a@bh + g)
return (dj, dy)

terms in u, the first one has the form |de| < 3u|apbp|+u|cn|+
|ce| and can in fact easily be replaced by

|de| < 2ulapbn| + ulanby, + en| + el

This bound is tight: taking (aj,as) = (—1 — 2u, —u + u?),
(bn,be) = (1,u), and (cp,ce) = (3 + 8u, —u) yields a ratio
|d¢|/bound = 5u/(5u + 10u?) that tends to 1 as u — 0.

The second bound from [9] is

|d — (ab+ )| < 8u?|anbp| + 4u®|cn| + 3ulcel,
and it turns out that it can be refined into
|d— (ab+ c)| < Bu?|apbp| + Lu|ep| + 3ulc|

by a direct application of our Lemma 1 to the analysis done
in [9, p. 12]. Combining this new bound with the inequalities
lanbr| < |en|/2 and |ye| < ulyn| for y € {a,b, c} would give
|d — (ab+ ¢)| < 10.25u?|cp,
lab +c| > |en| — [anbn| — anbe| — [acbn| — [acbe| — |ec|
> (% —2u — %uz)\ch\,

Ch

and thus a relative error bound |§] < 20.5u2.

This bound can be replaced by the twice smaller and prov-
ably tight bound |6| < 1142 /(1 — 6u — u?), which Theorem 4
below yields directly when setting k, = ky = k. = 1/2 for
the overlap parameters of a, b, and c. This is just one example
of application of this theorem, which allows for considerable
flexibility in the choice of these three parameters.

Another example will be given in Corollary 1 for the case
ko > ky = k. = 1/2, which, as seen in Sec. I, is particularly
relevant in the context of DW Horner evaluation and for which
the asymptotically optimal bound |d¢| < (2k, +2)ulp(d},) can
then be derived easily.

Theorem 4. Let a,b,c € F? be such that

lae| < kqulp(an), |be| < kpulp(bp), e < keulp(cn)

for some constants kq, ky, k. € Rso, and let (dy,dy) be the
output of FastFMA_DW (ay,, ag, by, by, cp, g).
If |en| > 2|anby| then

3lllp(dh) if ko =ky =k.= 1/2,
|de| <

w ulp(dy) otherwise,

and the relative error is bounded as

0] < max{B, B},

where

T4+ ape+ dape+4kaky
= u
1 — (2kg + 2ky + 4ke)u — dkgkpu?

and
o + O‘Zyc + aﬁhb’c 4 4k gk )
1= (dk, + 4ky + dko)u — Akokyu?

Here, o, oy, and ag)c are as in Theorems 2 and 3, agp ¢

B =

and o, , . are defined as
logy (2ka+2ky+4ke+1)1—1
Qab,c *= 2llogz (Zkat 2k ke + D=1
/ . oflogy(4ke+4ky+4k.+1)]—1
aa,b,c =2 2 )

and 4k.+1, 2k, +4k.+ 1, 4kp +4k.+1, 2k, + 2k +4k.+ 1,
and 4k, + 4k, + 4k. + 1 are assumed to be in F.

Moreover, when k, = ky = k. = 1/2, these bounds on |dy|
and |§| are asymptotically optimal.

Proof. Let x = apbp + cp. As for the two previous theorems,
we can handle the case x = 0 separately, and then assume
x € [1,2), which gives |cp| < 4, |apbp| < 2, and |c¢| < 4k.u.
It follows that ufp(ap)ufp(by) < 1, which together with
|azb[| S k:aulp(ah) . k:bulp(bh) giVCS ‘a[bd S 4kakbu2.
Furthermore, the two other products apb, and a,by, satisfy

|ahbg| < 2kbu|ahbh| and |agbh,| < 2kau|ahbh|.

Let €1, €2, €3, and €4 be defined by €1 = e — (z — dy),
€ = f—(e+ce), €3 = g—(apbe+f), and €4 = dy—(agbp+9g).
The absolute error is then bounded as

|d* (ab+ C)‘ < ‘61‘ + |62| + |63| + ‘€4| + |agbz‘.

A bound on the relative error |§| = |d/(ab+ ¢) — 1| will then
follow immediately by using further the lower bound

lab + c| > |z| — [anbe| — [acbn| — |acbe| — |cil
> 1 — (2kqu + 2kyu)|anby| — 4kou — 4k kyu.

Since z € [1,2), we have dj, € [1,2), ulp(dp) > 2u, |e] <
u, and |e;| < %uQ. Using |¢;| < 4k.u then yields as before
le+ce| < (4k.+1)u and |e3| < au?, and since 4k, +1 € T,
we obtain |f| < (4k. + 1)u. Let us now bound |e3| and |e4].

If |anbp| < 1 then |apbe + f| < lan| - 2kpulbp| + |f] <
(2kp + 4ke + 1)u, |e3| < ap cu?, and, using the fact that 2k, +
4k, + 1 is in IF, we deduce that |g| < (2kp + 4k, + 1)u. Then
|achy, + g| < 2kqulan| - |br| + |g| < (2kq + 2k + 4k + 1)u,
les] < oeaybycuz, and, since 2k, + 2k, +4k.+1 is IF, we obtain

|dg| < (Qka + 2ky, + 4k, + 1)u
< (ka + ky + 2k + 1/2)ulp(dp,).
It also follows that the relative error |§| is bounded as

1 2
5+ Qe+ Qp e+ Qo + dkokp)u
o) < (Gt oo e EdkR T
1 — (2kq + 2kp + 4ke)u — dkgkpu?
If |anby| > 1 then apb, € 2u?Z, so that u > |apby, +
cn — dp,| € 2u?Z, which implies €; = 0 and thus |d — (ab +
o) < acu? + |es| + |ea] + 4kakyu?. Now, since |anbn| < 2,




|ahbg + f‘ < kau|ahbh| + |f| < (4kb + 4k, + 1)u and thus
les| < a;wuZ. Since 4k +4k.+1 is in F, we deduce also that
lg] < (4kp+4k.+1)u and thus |abp+g| < 2kaulanbn|+]g] <
(4kq + 4kp + 4k, + 1)u. Hence |e4] < o/, , ,u? and, using the
fact that 4k, + 4k, + 4k, +1isin F,

|dg| < (4ka + 4Ky + dke + 1)u
< (2kq + 2Ky + 2k + 1/2)ulp(dy,).

Furthermore, the relative error |0| is now bounded as

(Oéc + a;),c + a:z,b,c + 4kakb)u2

=: B’
— (4kq + 4kp + dke)u — 4k kpu?

<
61 < <

From these two subcases, we conclude that the relative error
is bounded as |§| < max{B, B'}. Here, B can be larger or
smaller than B’ depending on the values of the parameters
Ka, kp, ke. For example, B ~ 9.5u% and B’ ~ 11u? when
ko = ky = k. = 1/2, while B ~ 25.5u? and B’ ~ 25u?
when k, = k, = 1/2 and k. = 2. For the bound on |dy|, the
second bound shown above is always larger than the first one,
which concludes the analysis for the general case.

Refinement when k, = k, = k. = 1/2. For such values of
the parameters the bounds obtained so far on |d;| are Sulp(dy,)
if lapbs| < 1, and Zulp(dy) if |anbs| > 1. Let us now show
that in this second case, the smaller bound 3ulp(dy) holds.
First, we have |f| < 3u and thus |g| < (|anbe| + 3u)(1 + uy).
It follows that

|acbn + gl < [aebn| + 9]
<agbp| + |anbe|(1 + u1) + 3u(l + uq).

Up to scaling (ap,a¢) and (by,be), we assume |ap| € [1,2).
This implies |a;s| < u, |br| < 2/]ap] < 2, and |by| < u. Hence

ocbn+ 91 < 1+ (14 )] + 3u( +1) = p(Ja).
For |an| € [1,2—2u], it can be checked that ¢(|ap|) < p(1) =
2u + 4u(1 4 uy), which is strictly less than the midpoint
6u + 4u?. Hence, |d¢|] = |[RN(a¢b, + g)] < 6u. Recalling
that ulp(dy,) > 2u, we arrive at |d¢| < 3ulp(d},), as wanted.

Asymptotic optimality when k, = ky = k. = 1/2. We have
in this case |d¢| < 3ulp(dy) and |§] < max{B,B'} = B’ =
11u?/(1 — 6u — u?).

To show that this bound on |d,| is asymptotically optimal,
let p>6,0=p mod2, a = (-2+2vVu-2° + 4u, —u),
b= (1+3Vu-277,u),and ¢ = (4—v/u - 87 —8u, —2u). Then
one can check that a, b, ¢ are DW numbers, |ci| > 2|apby|,
dp, = 2—0+/u/2° —2u, ulp(dy,) = 2u, and e = —u+0(u?/?),
so that dy ~ —6u as u — 0 and, therefore, |d,|/ulp(dp) ~ 3.

To show that the bound |§] < 11u? stated above is
asymptotically optimal, let @ = (—1—+/u - 29, —u+4u?), b =
(1++/u/27 u—4u?), and ¢ = (2+4vu - 27 +4u, —2u+6u?).
Then, again, one can check that a, b, ¢ are DW numbers for
p > 4, that |c| > 2|apby|, and that the associated relative
error satisfies |d/(ab +c) — 1| ~ 11u? as u — 0. O

Corollary 1. Let a,b,c,d be as in Theorem 4. If in addition
ko > ky = k. = 1/2, then

|de| < (2kq + 2)ulp(dy)

and
6 + oy + 2k, 9

(4ko + Du — 2kau® "
Here, o, = 21082(4kat5)1-1 qnd the constants kg, kg + 1,

ko +5/4, and k, + 2 are assumed to be in F.
Furthermore, the bound on |dy| is asymptotically optimal.

6] <
]__

Proof. For the relative error, it suffices to set ky = k. = 1/2
in the expressions of B and B’ of Theorem 4, and to notice
that B < B’. For the bound on |d¢|, this would give only
|d¢| < (2kq+ 5)ulp(dy,). However, this bound can be replaced
by (2k, + 2)ulp(dy) by bounding the intermediate quantity
|aebr, + g| by @(ka,|an|), where p(k, z) := (dkx~! + (1 +
u1))u + 3u(1l + uq), and deducing that |d¢| < (4kq + 4)u <
(2kq + 2)ulp(dy).

Tightness of the bound on |dg|. One can take (as, by, ce) =
(—2kqu,u,2u) and reuse the high parts already used in the
proof of Theorem 3 as follows: keep cp, use by to define ay,
and use a to define by,. Then one can check that ulp(d,) = 2u
and that dy ~ (4k, + 4)u for k, fixed and as u — 0. O

IV. CASE STUDY

We illustrate the gap between a classical DW Horner
implementation based on the simplified DWTIMESDW 1 and
SLoPPYDWPLUSDW (cf. Sec. I) and FASTFMA_DW on a
concrete case: the accurate path of CORE-MATH’s correctly
rounded binary64 exponential [12]. We highlight (i) the re-
duced argument and its interval, (ii) the DW evaluation of
the polynomial, (iii) the operation counts per Horner step,
contrasting them with an extended-FMA formulation.

Approximation polynomial: The reduced argument lies
in the interval [—12‘%, —&—12“%} It is represented (modulo some
tiny rounding errors) by a DW z = (zp,2¢) = xp, + Xp.
An approximation polynomial of degree 6 whose constant
coefficient ¢ is forced to be 1 is used for PTT’l Its DW
coefficients (¢, p, c.¢), for 1 < k < 6, are given in Table II

TABLE I
POLYNOMIAL COEFFICIENTS APPEARING IN THE ACCURATE PATH OF THE
CORE-MATH IMPLEMENTATION OF BINARY 64 EXP.

k Ck,h (hex) Ck.¢ (hex)

1 Ox1p-1 0x1.712f72ecec2cfp-99

2  0x1.5555555555555p-3 0x1.5555555554d07p-57

3  0x1.5555555555555p-5 0x1.55194d28275dap—-59

4 0x1.1111111111111p-7 0x1.12faalelcO0f7bp-63

5 0x1.6cl6cl6da6973p-10 -0x1l.4ba45ab25d2a3p-64
6 0x1.a01a019eb7f31p-13 -0x1.9091d845ecd36p-67

DW Horner evaluation in CORE-MATH?: Each Horner
step is implemented by DWTIMESDW 1 followed by SLOP-

We studied the code cloned from https:/gitlab.inria.fr/core-math/
core-math/, that was committed on Wed. Feb. 11, 10:51:27, 2026 (hash
S5fcedaceee944c0d7728fb8a29d81fadcc848cebd).



PYDWPLUSDW (both without renormalization, as explained
in Sec. I). This is in line with our motivation, since |z| is tiny
and the coefficients decrease.

Experimental comparison: For the degree-6 polyno-
mial, a Horner scheme using FASTFMA_DW takes 6 X
(4 fma + 2 add/sub), while a CORE-MATH DW-Horner
takes 6 x (3 mul + 1 fma + 7 add/sub). This operation
gain can be confirmed experimentally. We compare the CORE-
MATH original implementation to a modified version in which
the polynomial evaluation considered uses FASTFMA_DW.
We selected from the hard-to-round test set exp . wc shipped
with CORE-MATH the 106,471 cases whose binary exponent
lies between —4 and 8. This ensures that the accurate path is
always taken, while keeping a sufficiently large sample.

We checked a priori that, in our modified version, the
dominance condition is statisfied at each Horner update and
for each z in the reduced interval. We also checked using
the CORE-MATH framework that all hard-to-round cases
are correctly rounded with our modifications, indicating that
rounding errors remain small along this path.

We adapted the CORE-MATH performance framework to
measure the execution time on this restricted set of hard
cases. We benchmark on an Intel Core i5-1145G7 (2.60 GHz)
with gcc 11.4.0/glibc 2.35 using RDTSC counter (natively
available on this x86-64 platform); values are means over 20
trials, in cycles per call. Table III reports results on hard-to-
round inputs. Our modified exp reduces the average latency
from 83.5 to 73.7 cycles per call (a 11.7% improvement)
and the reciprocal throughput from 53.5 to 47.4 cycles per
call (a 11.4% improvement). For reference, glibc 2.35
achieves 24.6 and 8.9 cycles per call, respectively, on the same
benchmark.

As a reference, we also report measurements obtained with
the default inputs generated by the CORE-MATH framework
(random inputs in [—10, 10]), which illustrate that the accurate
path is substantially more expensive than the average one.

TABLE III
PERFORMANCE OF BINARY64 EXP (CYCLES PER CALL) ON
HARD-TO-ROUND INPUTS (exp.wc, EXPONENT IN [—4, 8]) AND ON
DEFAULT RANDOM INPUTS ([—10, 10]).

CORE-MATH, accurate path (exp.wc) Latency Recip. thr.
exp (original) 83.5 53.5
exp (FASTFMA_DW) 73.7 474
glibc 2.35 exp 24.6 8.9
Default random inputs ([—10, 10]) Latency Recip. thr.
CORE-MATH exp 37.1 12.2
glibc 2.35 exp 24.1 8.8

V. DISCUSSION

We report results on the accurate path because, in a scalar
implementation of exp, the fast path can often be imple-
mented using only binary64 arithmetic thanks to the use of
lookup tables (range reduction and/or tabulated constants),
and scalar code can typically afford larger tables without the

same constraints as SIMD code. In that setting, the fast path
is already tuned around double-only operations, so the most
natural place to assess the benefit of our DW FMA kernels was
the accurate path. These experiments thus provide evidence of
a speedup in the accurate path, but it remains to evaluate the
impact of our kernels on other fast-path designs, especially
on vector implementations where the fast-path often contains
DW Horner evaluations.

Concerning the opposite regime, where |c;,| < 2|apby|, very
different situations can occur. For example, if |anbp| < |cn| <
2|apbp| and apby, and ¢, have the same sign, then cancellation
is avoided and [7, Lem. 7] shows further that ¢;, — dj, € F,
so the analysis of the previous sections can be adapted. On
the other hand, if |apby| = |cx| and apbpep, < 0O, then
FASTFMA_DW can produce a totally wrong result because of
heavy cancellation: for example, a = (1, —u/4), b = (1,u/2),
¢ = (—1,—u/4) give dj + d; = 0, while the exact value
is —u2/8. This motivates either guarding FASTFMA_DW
(detecting potential cancellation and switching kernels) or
using a more robust formulation in this general subcase.
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