
The table maker’s quantum search

Benjamin C. A. Morrison
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Abstract—We show that quantum search can be used to com-
pute the hardness to round an elementary function, that is, to
determine the minimum working precision required to com-
pute the values of an elementary function correctly rounded
to a target precision of n digits for all possible precision-
n floating-point inputs in a given interval. For elementary
functions f related to the exponential function, quantum search
takes time Õ(2n/2 log(1/δ)) to return, with probability 1− δ,
the hardness to round f over all n-bit floating-point inputs
in a given binade. For periodic elementary functions in large
binades, quantum search yields a modest asymptotic speedup
over the best known classical algorithms and heuristics.

1. Introduction

Quantum search algorithms based on Grover itera-
tion [1], [2] promise to accelerate the solution of combi-
natorial search and optimization problems. When Grover’s
algorithm and its variants are used as standalone solvers,
they generically achieve a quadratic speedup over exhaustive
classical search. For example, hard Boolean satisfiability
instances on n variables can be solved in time Õ(2n/2),
as opposed to O(2n) for exhaustive classical search. On the
other hand, decades of research has yielded powerful clas-
sical algorithms that beat the scaling of standalone Grover
search for most problems of practical interest by exploiting
the problem structure. To obtain a quantum advantage for
these problems, Grover iteration must be used as a subrou-
tine inside suitable classical algorithms [2], [3], [4].

Are there problems of practical interest for which stan-
dalone Grover search beats the best known classical algo-
rithm? For such a quantum advantage to occur, the search
problem must be (approximately) devoid of structure that
can be exploited by a classical algorithm. Relatively few
such problems are known. One is symmetric-key cryptogra-
phy [5], [6]. However, simply increasing the key length is
sufficient to thwart attacks by standalone quantum search,

due to the superpolynomial scaling of the algorithm. An-
other essentially structure-free problem is circuit satisfia-
bility (CSAT) [7]. No known classical algorithm is mean-
ingfully faster than exhaustive search in the worst case.
In practice, industrial CSAT instances do have structure
and it is found empirically that they can be solved with
methods much faster than exhaustive search by mapping to
equilogical Boolean satisfiability formulas [8], [9].

In this work, we study the problem of determining the
working precision required to compute the correctly rounded
value of an elementary function for finite-precision floating-
point inputs. Correct rounding is of practical importance in
computer arithmetic. Compounded rounding errors can give
rise to large deviations between the computed and exact
values of a quantity. Examples of adverse consequences of
incorrect rounding include wildly erroneous index values
of the Vancouver stock exchange in the early 1980s [10],
[11] and the failure of a US Army Patriot array to inter-
cept a Scud missile during the Gulf War [12], [13]. These
mishaps highlight the importance of verifying that computer
programs round correctly.

For transcendental functions, such verification is in gen-
eral difficult: it is not known to which working precision
p > n we have to evaluate the function output for a given
precision-n floating-point input before we can guarantee
correct rounding to precision n [14], [15]. This problem
is known as the table maker’s dilemma [16]. The working
precision required to guarantee correctly rounded evaluation
of a function f for any precision-n floating-point input x in
an interval I is called the hardness to round f in I , denoted
htrf,I(n). The difficulty in determining htrf,I(n) arises
from bad rounding cases, inputs for which the function,
computed to working precision p > n, evaluates to a number
that is too close to a decision boundary, so that we cannot
unequivocally decide whether we should round to one or the
other of two consecutive precision-n floating-point numbers.
Although a O(n2) upper bound is known for the hardness
to round the exponential and related functions, such as the



logarithm and trigonometric functions [15], [17], the hidden
prefactors are enormous and the bound is not useful in
practice. With the non-rigorous assumption that the digits
of the value of a function are uniformly distributed random
numbers, we can estimate that the hardness to round to n
digits is roughly 2n [14]. Although this estimate matches
empirical evidence well, it is not a worst-case bound.

No known polynomial-time algorithm computes the
hardness to round a transcendental function exactly. The first
nontrivial algorithm for computing the hardness to round
a function f over precision-n binary floating-point inputs
in a given binade scales as Õ(22n/3) [18]. This algorithm
assumes a sufficient number of consecutive floating-point
numbers in the binade to approximate f by a polynomial
of degree 1. By increasing the approximating polynomial
degree, the performance can be improved to Õ(2n/2), at
the expense of rendering the algorithm incomplete, i.e.,
a heuristic [19], [20]. The reason is that the algorithm
of [19], [20] uses Coppersmith’s method to find small roots
of bivariate polynomials [21], a task for which the method
is only known to be heuristic.

Both the aforementioned algorithms assume that a low-
degree polynomial approximation is viable. For periodic
elementary functions, this assumption does not always hold:
consecutive floating-point numbers in large binades may
even belong to different periods of the function. Ref. [22]
overcomes this issue via a preprocessing step that uses
the periodicity of the function to reorder inputs into an
arithmetic progression. Then, the algorithm of [18] or the
heuristics of [19], [20] can be applied, leading to runtimes
Õ(24n/5) and Õ(2(7−2

√
10)n) ≈ Õ(20.676n), respectively.

2. Contribution

The scalings of the best known classical algorithms and
heuristics for computing the hardness to round cited above
indicate that this task may be a good application of quantum
search. The following theorem and algorithm formalize this
intuition.

Theorem 1. For any elementary function f evaluated at
precision-n binary floating-point inputs x ∈ I where I =
[2e, 2e+1), Algorithm 1 returns l = min({htrf,I(n), pmax})
with probability 1 − δ by making O(2n/2 log ⌊log pmax⌋+1

δ )
calls to the oracles Of,•

n,e. Furthermore, if pmax =
O(poly(n)) is an upper bound for htrf,I(n), Algo-
rithm 1 returns htrf,I(n) with probability 1 − δ in time
Õ(2n/2 log(1/δ)).

In Algorithm 1, the Grover operator Of,p
n,e implements

an arithmetic circuit that evaluates f(x) up to p significant
digits, coherently for all precision-n binary floating-point
inputs x. A membership oracle then marks inputs x that
yield bad rounding cases for f(x) at precision n. We define
Of,•

n,e = {Of,p
n,e}

pmax

p=n+1. If S is the set of bad rounding cases
of a function f , we are searching for the minimum working
precision p for which S is empty. Therefore, instead of
searching for elements of a nonempty S – the typical use

case for Grover search – we are instead asking a question
about |S|. Whenever S is nonempty, measurement of the
output state returns bad rounding cases.

The subroutine QSearch in Algorithm 1 is the quantum
search algorithm [1], [23]. Given an oracle OS that marks
the elements of a set S ⊆ {0, 1}n and 0 < δ′ < 1,
QSearch(n,Os, δ

′) returns, with probability 1−δ′, 1 when-
ever |S| > 0 and 0 whenever |S| = 0. Algorithm 1 is
then essentially a binary search over the working precision
p ∈ [n + 1, pmax] for the smallest integer p⋆ such that no
marked item is found. If such a p⋆ exists in the searched
interval, it is the hardness to round f . This approach
works because the number of bad rounding cases is a non-
increasing function of p. Finally, to achieve an overall failure
rate δ, we need the failure rate of each of the ⌊log pmax⌋+1
runs of QSearch to scale as δ′ = δ/(⌊log pmax⌋ + 1), thus
obtaining the scaling cited in Theorem 1.

For functions related to the exponential function, such
as the logarithm and trigonometric functions, a theorem
of Nesterenko and Waldschmidt implies that we can take
pmax = Cn2 for a sufficiently large and straightforwardly
computable constant C [15], [17]. Therefore, for these
functions, Algorithm 1 works in time Õ(2n/2 log(1/δ)) in
any binade. We thus obtain a modest asymptotic speedup
over the best known classical algorithms and heuristics
for computing the hardness to round periodic elementary
functions in large binades [22]. Moreover, by initializing the
d-bit exponent of inputs x in a superposition of all possible
values for a precision-n floating-point format and suitably
modifying the Grover operator, we can compute the hardness
to round a function over all possible 2n+d floating-point
inputs in the format in time Õ(2(n+d)/2 log(1/δ)).

Whether more efficient quantum algorithms for comput-
ing htrf,I can be obtained by combining quantum search
with suitable classical algorithms for this problem remains
open. The fact that standalone quantum search outperforms
the best known classical methods for a problem of some
practical importance is nonetheless interesting in its own
right.

3. Preliminaries and notation

Let Z,Q,R, and C denote the sets of integer, rational,
real, and complex numbers respectively. A number x is ra-
tional if x = p/q, with p, q ∈ Z and q ̸= 0. A number z ∈ C
is algebraic if there exists a nonzero polynomial P with
integer coefficients such that P (z) = 0. A number z ∈ C
is transcendental if it is not algebraic. Arithmetic operations
are the operations of addition, subtraction, multiplication,
and division.

In this work we will be dealing exclusively with univari-
ate functions. A complex-valued function f is an algebraic
function if there exists a bivariate polynomial P with integer
coefficients such that for all z in the domain of f we have
P (z, f(z)) = 0. A function is transcendental if it is not
algebraic. A function is elementary if it can be defined by
applying finitely many arithmetic operations and function



Algorithm 1: Quantum search for htrf,I(n), I =
[2e, 2e+1)

Input: Precision n, oracle circuits Of,•
n,e, upper

bound pmax, failure probability δ
Output: min({htrf (n), pmax})
l← n+ 1
r ← pmax

δ′ ← δ/(⌊log pmax⌋+ 1)
while l < r do

p← l + ⌊r−l⌋
2

k ← QSearch(n,Of,p
n,e, δ

′)
if k > 0 then

l← p+ 1
else

r ← p
end

end
Return: l

compositions to polynomial, exponential, logarithm, and
constant functions. Elementary functions have derivatives of
all orders that are algorithmically computable. For simplic-
ity, below we consider exclusively real numbers and real-
valued functions, but our results generalize to the complex
plane.

A binary floating-point number x is a triple (s,m, e)
such that

x = (−1)s ·m · 2e , (1)

where s ∈ {0, 1} is the sign bit, m ≥ 0 is the significand or
mantissa, and e ∈ Z is the exponent. The precision of x is
the number of variable significant digits of m. The possible
values that a precision-n floating-point number can take
depend on the semantics chosen for representing m. The
binary floating-point formats of the IEEE 754 standard [24]
define the significand of normal numbers as

m = 1.m1m2 . . .mn =

n∑
j=0

mj2
−j , (2)

that is, we fix the implicit integer bit m0 = 1 and use n
bits to define the fractional part of m, called the fraction,
so that m ∈ [1, 2). In the following, when we refer to “the
n-bit significand of x”, we mean that m(x) has n variable
digits after the implicit one. For fixed e and s = 0, there are
2n precision-n binary floating-point numbers in the binade
[2e, 2e+1). If e is also variable and defined as a d-bit integer,
x can take 2n+d+1 values1. For convenience, we define the
functions s(x), m(x), and e(x) that return the sign bit,
significand, and exponent, respectively, of a floating-point
number x.

From Eqs. (1) and (2) we see that binary floating-point
numbers are rational numbers whose denominator is a power

1. In the IEEE 754 standard, some of these values are reserved for special
purposes: the values e = m = 0 encode the signed zeros ±0; e = 0,m ̸=
0 the subnormal numbers; e = 2d − 1,m = 0 the positive and negative
infinity ±∞; and e = 2d − 1,m ̸= 0 the Not-a-Number value NaN.

of 2. For rational numbers whose denominator is not a
power of 2, the expansion (2) may not terminate for any
finite n (take, for example, the number 4/3). The same holds
for irrational numbers. In floating-point arithmetic, for any
number x whose binary floating-point representation does
not terminate, we first compute sufficiently many significand
digits to obtain an approximation x̃ and then round x̃ to the
target precision, that is, we replace the result with a nearby
floating-point number. Which nearby floating-point number
we pick depends on the rounding mode chosen. Common
rounding modes are rounding up/down, which returns the
closest floating-point number greater/smaller than the input,
and rounding to nearest, which returns the floating-point
number closest to the input. In what follows, we discuss
only the round-to-nearest mode for illustration purposes, but
all our results translate straightforwardly to other rounding
modes.

We now describe the “round to nearest, ties to even”
rounding mode, which is the most commonly used in binary
floating-point arithmetic. For a precision-p floating-point
number x, let ◦n(x) denote its value rounded to the nearest
precision-n floating-point number, with n < p. We call p the
working precision and n the target precision. To compute
◦n(x), we examine the p−n+1 least significant digits of the
significand m = m(x), starting with the guard digit mn+1:

1) If mn+1 = 0, then ◦n(x) = (−1)s(x) ·1.m1 . . .mn ·
2e, that is, we simply truncate the p− n least sig-
nificant digits of the significand (i.e., round toward
zero).

2) If mn+1 = 1, then:

a) If mj = 1 for any j > n + 1, then
◦n(x) = (−1)s(x) ·(1.m1 . . .mn+2−n) ·2e
(i.e., round away from zero).

b) If mj = 0 for all j > n+1, then x is exactly
halfway between two precision-n floating-
point numbers and we need to break the tie
somehow. The “ties to even” rule is:

i) If mn = 0, we round toward zero:
◦n(x) = (−1)s(x) · 1.m1 . . .mn · 2e.

ii) If mn = 1, we round away from zero:
◦n(x) = (−1)s(x) · (1.m1 . . .mn +
2−n) · 2e.

Note that if p = n + 1, then mj = 0 implicitly for all
j > n+ 1.

As mentioned previously, for numbers x whose binary
floating-point representation does not terminate, we instead
use a computation method that returns an approximation
x̃ with working precision p, so that x̃ is guaranteed to be
within 2−p of x. We say that this method implements correct
rounding if ◦n(x̃) = ◦n(x).

The same reasoning holds for transcendental functions
f , since the exact value f(x) ∈ R is not representable
as a finite-precision floating point number in general. In
floating-point arithmetic, we instead evaluate a function f̃
whose value f̃(x) is a precision-p floating-point number
within 2e(f(x))−p of f(x), where p > n. This is done



by summing a convergent series for f , such as a Taylor
or arithmetic-geometric mean series [25]. A method that
evaluates f via f̃ implements correct rounding to precision
n if ◦n(f(x)) = ◦n(f̃(x)) for all precision-n floating-point
inputs x.

It is not known a priori to what precision we have
to evaluate f̃ to ascertain correct rounding to precision
n [14]. Consider the following example. Suppose that we
compute the precision-p floating-point number f̃(x), with
m̃ = m(f̃(x)) and e(f̃(x)) = e(f(x)) = 0, to obtain

m̃ = 1.m̃1m̃2 . . . m̃n−1110 . . . 0 . (3)

We see that the digit m̃n = 1 is followed by the guard
digit m̃n+1 = 1, followed by p − n − 1 zeros. For f̃(x)
to be correctly rounded to precision n, we must ascertain
that m̃j = mj for j = 0, . . . , n, where m = m(f(x)) is the
infinitely precise significand of f(x). This is not necessarily
the case: m̃ and m̃′ = 1.m̃1m̃2 . . . m̃n−1101 . . . 1 define
floating-point numbers that are both within 2−p of f(x).
When rounding to nearest with ties to even, m̃n would be
incremented to obtain m̃n = 0, while m̃′

n would be left
as m̃′

n = 1. Therefore, we cannot decide whether m̃n =
mn, which, in turn, means that we cannot ascertain whether
◦n(f(x)) = ◦n(f̃(x)). Now, suppose we compute f̃(x) up
to higher precision of p + 1 bits, that is, we approximate
f(x) to within 2−(p+1) by summing more terms in the series
expansion of f . If we obtain

m̃ = 1.m̃1m̃2 . . . m̃n−1110 . . . 01 , (4)

then the only precision-(p+1) floating-point numbers within
2−(p+1) of f(x) have significands that agree with the in-
finitely precise significand of f(x) on up to n significant dig-
its. Therefore, we can ascertain that ◦n(f(x)) = ◦n(f̃(x)).

For bad rounding cases x, the last p − n − 1 digits of
m(f̃(x)) evaluate to 00 . . . 0 or 11 . . . 1. Such long runs of
0s or 1s can arise in two cases. The first (trivial) case arises
when f(x) evaluates exactly to a floating-point number of
precision smaller than p, such as the function log2 evaluated
at integer powers of 2. For most common transcendental
functions, these exceptional inputs are well-known and can
be efficiently specified and excluded [14]. The second case
is the one illustrated in the example above, when there are
more than one precision-p floating-point numbers within
2−p of f(x). A concrete example is the single-precision
(binary32 format of IEEE 754) input

x = 1.001110111011001000110102 · 2−1 (5)

with 24-bit significand, for which the function f = 2 sin
evaluates to

2 sin(x) = 1.000110111101000110110010

111111111111111111111000 . . .2 , (6)

that is, the 24th digit of m(f(x)) is 1, followed by the
guard digit 0, followed by 21 consecutive 1s. Therefore,
to guarantee correct rounding for this input, we have to
approximate f(x) up to a precision of at least 24+21 = 45
bits.

Given a function f and target precision n, up to what
precision p do we need to evaluate f̃(x) in order to be
sure that ◦n(f(x)) = ◦n(f̃(x))? This question is known
as the table maker’s dilemma [16]. The smallest p for
which ◦n(f(x)) = ◦n(f̃(x)) for all precision-n floating-
point inputs x ∈ I , where I is some interval, is called the
hardness to round f in I and denoted htrf,I(n). We denote
the hardness to round f over all precision-n floating-point
inputs htrf (n).

4. Grover search and membership oracle

For completeness, we give an overview of Grover
search [1] (see [26] for a complete introduction). Given
a search problem over n Boolean variables, the Grover
algorithm in its simplest form is the repeated application
of the unitary operator G = DO to the n-qubit quantum
state |+⟩⊗n

= 2−n/2
∑2n−1

k=0 |k⟩, where k runs over all n-
bit strings. The membership oracle O acts as O |k⟩ = − |k⟩
when k is a solution and as O |k⟩ = |k⟩ otherwise. We
describe the circuit construction of a membership ora-
cle for bad rounding cases below. The diffusion operator
D = 2(|+⟩ ⟨+|)⊗n − I , where I is the identity operator, is
constructed with O(n) Hadamard and classical controlled
gates. After r iterations, the algorithm produces the state

Gr |+⟩⊗n
= cos

(
2r + 1

2
θ

)
|S̄⟩+ sin

(
2r + 1

2
θ

)
|S⟩ ,

(7)
where |S⟩ = |S|−1/2

∑
k∈S |k⟩ is the equal superposi-

tion of all states in the solution set S, |S̄⟩ = |2n −
S|−1/2

∑
k/∈S |k⟩ the equal superposition of non-solutions,

and cos θ/2 =
√

(2n − |S|)/2n. Measurement of the re-
sulting state yields a solution to the search problem with
probability sin2

(
2r+1

2 θ
)
. When O can be expressed as a

poly-sized quantum circuit, the worst-case runtime for either
returning a solution, if there is one, or asserting that there
are no solutions with high probability is Õ(2n/2) [23].

The membership oracles for Algorithm 1 are composed
of two circuits. The first one is a reversible arithmetic circuit
that, on input x a precision-n floating-point number with
exponent e, computes a precision-p approximation f̃(x) to
f(x), correct up to additive error 2−p, with p > n. This
is a standard task in arbitrary-precision arithmetic and can
be implemented with multiple methods in time polynomial
in p [25], with the (asymptotically) fastest known being
the arithmetic-geometric mean method that runs in time
O(M(p) log p), where M(p) is the cost of multiplying two
n-bit integers. Turning any of these methods into a reversible
circuit incurs at most polynomial overhead in time and an-
cilla bits [27], [28]. After computation, any ancilla bits used
are returned to their initial state by uncomputation. Here we
are interested in comparisons with classical methods whose
scaling is typically evaluated in a fixed binade. We therefore
choose to hard-code the input exponent e into the arithmetic
circuits Cf,p

n,e and give only the n-bit significand m(x) as
input. Similarly, although it implicitly evaluates e(f̃(x)),
the circuit outputs only the n-bit significand m(f̃(x)), since



that is all we need to detect bad rounding cases. To further
lighten the notation, we also omit sign bits and the implicit
integer bit of the significands. With this convention, the
initial state for the quantum search algorithm is the equal
superposition of all 2n precision-n significands, prepared as
|+⟩⊗n.

The second circuit Cbad
n,p tests if the last bits of f̃(x) form

a long string of 0s or 1s, corresponding to a bad rounding
case. Specifically, the strings of interest are 110 . . . 0 or
101 . . . 1 in the case of rounding to nearest with ties to even2.
A circuit for a given rounding mode tests whether the last
p−n+1 bits of f̃(x) are in the corresponding state and, in
the affirmative, flags the state x by conditionally flipping a
register, which in this case is a single qubit prepared in the
state |−⟩. The conditional operation can be implemented
with O(n) Toffoli gates and O(n) ancilla qubits and is
uncomputed after the state has been flagged, returning all
ancillas to their initial state.

The action of the circuits Cf,p
n,e and Cbad

n,p is then

Cf,p
n,e |m(x)⟩ |0⟩⊗p |0⟩⊗w

= |m(x)⟩ |m(f̃(x))⟩ |0⟩⊗w
, (8)

Cbad
n,p |m(x)⟩ |m(f̃(x))⟩ |0⟩⊗w |−⟩ =

= (−1)bn(f̃(x)) |m(x)⟩ |m(f̃(x))⟩ |0⟩⊗w |−⟩ , (9)

where w is the number of ancilla bits required by Cf,p
n,e and

Cbad
n,p , and bn(y) is an indicator function that evaluates to

1 whenever the floating-point number y is a bad case for
rounding to precision n.

With the above, we can define the membership oracle
for bad rounding cases as

Of,p
n,e = Cf,pT

n,e Cbad
n,p C

f,p
n,e . (10)

The action of the oracle is thus

Of,p
n,e |m(x)⟩ |0⟩⊗p |0⟩⊗w |−⟩ =

= (−1)bn(f̃(x)) |m(x)⟩ |0⟩⊗p |0⟩⊗w |−⟩ , (11)

as required for the Grover iteration.
There are some subtleties to address. First, some func-

tions may evaluate exactly to a precision-n floating-point
number for some inputs. In such cases, the significand
m(f̃(x)) may terminate in 110 . . . 0 (or a string relevant
for detecting bad cases for another rounding mode), even
though x is not a bad rounding case. Such numbers are ex-
ceptional and can be dealt with efficiently. For example, for
trigonometric functions sin and cos, Niven’s theorem [29],
[30] implies that the only finite-precision floating-point x for
which these functions evaluate to a rational number is x = 0.
Similar results hold for other elementary functions, such as
ln and exp. Some elementary functions, such as power, root,
and logarithm functions, evaluate exactly to floating-point
numbers with fewer than n significant digits for many inputs
(e.g., integers), but these are known and can be efficiently
detected and excluded from oracle marking with additional
circuit logic [14]. We assume that this logic is included in

2. When rounding down or up, the bad cases terminate in 00 . . . 0 or
11 . . . 1.

Cf,p
n,e . Second, we may have e(x) ̸= e(f̃(x)), although both

exponents have the same length d and format. An evaluation
of f(x) that yields e(f̃(x)) outside the range representable
by a d-bit integer leads to an under- or overflow. Such
cases can be efficiently detected by exception handling in
Cf,p

n,e , as in the IEEE floating-point standard. Because of
this, and since underflows and overflows do not constitute
bad rounding cases, we ignore them in our discussion. For
the same reason, we also ignore inputs corresponding to
subnormal numbers, infinities, and NaN.

We conclude that, even taking into account the subtleties
of the preceding paragraph, the circuit Cf,p

n,e has size polyno-
mial in n and p, and can be constructed in time polynomial
in n and p.

5. Proof of Theorem 1

Let Of,p
n,e be constructed as described in Section 4. As is

shown in [23], a single run of Grover search with at most
O(2n/2) iterations is sufficient to determine, with success
probability O(1), whether the solution set is empty. By
making use of the Chernoff-Hoeffding bound, one can show
that the success probability can be boosted to 1 − δ′ by
repeating the Grover search O(log δ′−1) times and taking
a majority vote over successful runs. That a run is suc-
cessful can be determined in polynomial time by check-
ing whether the measurement outcome is indeed a bad
rounding case. We denote this repeated Grover search as
QSearch in Algorithm 1. Each invocation of QSearch there-
fore makes at most O(2n/2 log δ′−1) calls to an operator
in Of,•

n,e = {Of,p
n,e}

pmax

p=n+1. Since Algorithm 1 is a binary
search, it makes at most ⌊log pmax⌋ + 1 iterations. For the
algorithm to succeed with probability at least 1 − δ, we
must set a sufficiently small δ′ for each iteration. Setting
δ′ ≤ δ/(⌊log pmax⌋+ 1) suffices:

δ ≥ δ′(⌊log pmax⌋+ 1) ⇒ (12)

⇒ 1− δ ≤ 1− δ′(⌊log pmax⌋+ 1) ≤ (1− δ′)⌊log pmax⌋+1 ,
(13)

where the last step is due to the Bernoulli inequality. Finally,
if pmax = O(poly(n)) is an upper bound for htrf,I(n),
every operator in Of,•

n,e is implemented by a circuit of size
O(poly(n)) and the overall runtime is Õ(2n/2 log(1/δ)).

6. Oracle Resource Estimation

To translate this asymptotic advantage into a demon-
stration of practical quantum utility, one promising target
would be the rounding of sin(x) and cos(x) in the IEEE 754
standard binary64 format. The bad cases for these functions
for x > 211 were until this spring [31] out of reach for
classical methods [15]. Accordingly, we will consider the
cost of implementing the required arithmetic circuits for
Csin,106

53,e and the resulting cost of implementing Algorithm 1.
The binary splitting algorithm [25], [32] can be used

to calculate both sin and cos at once. Its asymptotic com-
plexity is less than the algebraic-geometric mean algorithm,



Circuit M(128) M(64) M(32) M(16) Csin,106
53,e

Schoolbook (gate count) 65152 16192 4000 976 4.3× 106

Karatsuba (gate count) 31272 9912 3048 888 2.3× 106

Parallel Karatsuba (depth) 3112 1576 808 424 2.8× 104

TABLE 1. TOFFOLI GATE COUNTS AND PARALLELIZED TOFFOLI DEPTHS OF 2k -BIT MULTIPLICATION CIRCUITS AND THE Csin,106
53,e ORACLE.

but below the 106 bit range its smaller constants make it
superior. Achieving 106-bit precision requires partitioning
the angle x mod 2π into eight substrings yj with mantissas
of length 1, 2, ..., 64, 128. The binary splitting algorithm can
be applied separately (and in parallel) to calculate the sine
and cosine of each substring, and the results combined.

Evaluating sin yj and cos yj to the desired precision
requires taking no more than

√
256 = 16 terms from the

power series. Summing these terms via binary splitting’s
divide-and-conquer method requires 45 multiplications and
15 additions, but only one division. However, only three
of these multiplications and one of these additions is at
the highest bit width. In total, the cost is 3M(128) +
6M(64) + 12M(32) + 24M(16) plus a negligible addition
cost. Almost all of these operations can be implemented in
parallel, so the circuit depth required for one evaluation is
only M(128) +M(64) +M(32) +M(16).

Combining the results to obtain the final sin(x) and
cos(x) requires an additional 21M(128) plus again a neg-
ligible addition cost. The total Toffoli cost is 45M(128) +
48M(64) + 96M(32) + 192M(16); again, this can be par-
allelized heavily to 8M(128) +M(64) +M(32) +M(16).

With the schoolbook method of multiplication by shifted
additions, M(n) = 4n2 − 3n, and we find the gate counts
given in the first row of Tab. 1, with the Csin,106

53,e oracle
subcircuit requiring a total of approximately 4.3×106 Toffoli
gates.

Especially for the larger multiplication circuits, the
schoolbook method is not the fastest available. Using re-
versible Karatsuba multiplication [33], we have M(2k) =
3M(2k−1) + 12 · 2k. If we implement 8-bit multiplication
using the schoolbook method, M(8) = 232, yielding the
gate counts in the second row of Tab. 1. Thus the total
number of Toffoli gates required by Csin,106

53,e is approx-
imately 2.3 × 106. However, by running each recursive
Karatsuba multiplication subcircuit in parallel, the circuit
depth required is only M(2k) = M(2k−1)+12·2k. Using 8-
bit schoolbook multiplication again yields the Toffoli depths
in the third row of Tab. 1. The depth could be reduced further
by using schoolbook multiplication only at the 4-bit level,
but this would increase the Toffoli count. The total Toffoli
depth of the parallel Csin,106

53,e is then approximately 2.8×104.
Assuming an at least partially fault-tolerant quantum

computer—as will likely be necessary for gate counts even
in the millions—the main limit on wallclock time will be the
rate at which syndromes can be extracted and decoded. With
the very generous assumption of a single-shot error correct-
ing code [34] and factories directly distilling magic Toffoli
states from T -states [35], the number of measurement cycles
per Toffoli gate can be as low as 1. On superconducting

hardware, a measurement and repreparation can require as
little as hundreds of nanoseconds [36]; thus the wallclock
time per oracle call could be as low as tens of milliseconds.

Algorithm 1 requires a number of oracle calls approxi-
mately equal to π

4 2
n/2 ≈ 7.45×107. To match the wallclock

time of 4 hours per binade [31], the cost per oracle call
would need to be reduced by two orders of magnitude, to
the hundreds of microseconds regime. On the other hand,
searching all 1024 binades simultaneously would require
only π

4 2
(n+10)/2 ≈ 2.39×109 oracle calls; to match the total

wallclock time of two weeks [31], the oracle would only
need to run in hundreds of milliseconds, which would be
possible for the architecture sketched above. This of course
does not actually imply equal practical utility to the classical
algorithm. First, the simultaneous search solves only the
decision-problem version of hardness to round, which is
equally difficult but far less useful. Second, the implementa-
tion described above would require a hypothetical quantum
computer significantly larger and more advanced than any
currently in existence, whereas the wallclock times stated
for Lefèvre, Ly, and Zimmerman’s algorithm are based on
execution on extant classical computers [31]. Still, it is
valuable to consider what capabilities a quantum computer
would require to make the table maker’s quantum search a
candidate for quantum advantage experiments.

7. Discussion

Algorithm 1 with its Õ(2n/2 log(1/δ)) runtime achieves
a modest asymptotic speedup compared to the best known
classical algorithm or heuristic for computing the hardness
to round periodic elementary functions in large binades,
whose runtimes scale as Õ(24n/5) and Õ(2(7−2

√
10)n) ≈

Õ(20.676n), respectively [22]. While there has been a long
line of work on quantum arithmetic [37], to our knowl-
edge, this is the first work that demonstrates an asymptotic
quantum speedup in a computer arithmetic task. What is
more interesting is that the speedup comes from standalone
quantum search, which, as discussed in the introduction, is
rather rare.

Algorithm 1 has a number of shortcomings that can
perhaps be overcome. First, it is exponential in n. The
table maker’s dilemma is related to factoring [19]. Could
Shor’s [38] or Regev’s [39] algorithms be adapted to this
problem?

Second, the Õ notation hides potentially large prefactors
related to the complexity of the arithmetic circuits used.
Any implementation would need to optimize the circuits
considerably to fit them in the short coherence window of
foreseeable quantum computers. On the other hand, for a



given function, binade, and target precision, the hardness to
round needs to be computed only once, thus amortizing the
implementation cost. Given that, to date, we do not know
the hardness to round for trigonometric functions in binades
higher than 211 for the binary64 format of the IEEE 754
standard [15], it is conceivable that Algorithm 1 may be of
some use eventually. In a practical scenario, Algorithm 1 can
be sped up by focusing the search in the range [n + 1, 2n]
first, since the hardness to round is very likely in that range.
Results in quantum arithmetic [37] could also be exploited
to reduce the number of ancilla qubits required.

Third, while the algorithm can be generalized to deter-
mine the hardness to round over all binades simultaneously
(instead of fixing the exponent, initialize a superposition
of all possible exponent values), the arithmetic circuits for
function evaluation will be more complex in this case, since
different argument reductions are favorable in large and
small binades [25] and hence the suitable logic will have
to be built into the circuits. Still, the arithmetic circuits will
remain poly-sized.

Finally, whether combining quantum search with classi-
cal algorithms could yield practical methods for estimating
the hardness to round is an open question.
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