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1. Motivation




1.1 Once upon a time, in a land called “JavaScript” ... EPFL

What are we?

What do we want?

When do we want
[ it?

@,
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‘1.2 Benchmarks - normalized run time, lower is better EPFL
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‘1.3 Alternatives ~ EPFL

WebAssembly (Wasm)

JavaScript bigints for longs
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‘1.3 Alternatives ~ EPFL

WebAssembly (Wasm)
Fast primitives, including longs

X Not always available
X Not-so-fast interop with JavaScript and the DOM

JavaScript bigints for longs
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‘1.3 Alternatives ~ EPFL

WebAssembly (Wasm)
Fast primitives, including longs

X Not always available
X Not-so-fast interop with JavaScript and the DOM

JavaScript bigints for longs

Easy compilation scheme
Baseline since 2020

X Not that fast
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2. Preliminaries




2.1 Notations =Pr-L

Fey set of binary64 values

RN : R — [, | round to nearest

div(a, b) la/b| unsigned division
rem(a, b) a—b-div(a,b) unsigned remainder
a—+,b a + bmod 2" modular n-bit addition
a—, b a — bmod 2"

a X, b a - bmod 2"

a if a<2n—1
a—2™ otherwise

S, (a)

signed interpretation
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2.2 32-bit integers in JavaScript — asm.js encoding =~ EPFL

Abstract operation  JavaScript encoding

a 449 b (a+b) |0

a—g5 b (a-b) |0

a Xg9 b Math.imul(a, b)
div(a,b) ((a>>>0) / (b>>>0)) |0
rem(a, b) ((a>>>0) % (b>>>0)) |0
FP(a) a>>>0

FP(S3;(a)) a

truncate(z) mod 234 x|0
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‘2.3 Basic 64-bit arithmetic =~ EPFL

Pair of two 32-bit integers x = (z;,, z,)
Unsigned : x = 232z, + z, (by definition)
Signed : Sgy () = S4(2°%z), + 34) = 2°% - Sg5(z) + 7
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‘2.3 Basic 64-bit arithmetic =~ EPFL

Pair of two 32-bit integers x = (z;,, z,)
Unsigned : x = 232z, + z, (by definition)
Signed : Sgy () = S4(2°%z), + 34) = 2°% - Sg5(z) + 7

Adde4
Input: a = (a;,a,),b = (b, b,)
Output: s = (s, 8;) = a +¢4 b
Sg < ay +32 by
Sp, 4 Qp, +39 by 39 (5p < ay) //in]JS: ((s1>>>0) < (al>>>0)) |0
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‘2.4 ConversiontoF,, ~ EPFL

2.4.1 Unsigned
RN(z) = RN(2%%z), + )
= RN(RN(2%2 - FP(z),)) + FP(z,))

JavaScript code:  232%(xh>>>0) + (x1>>>0)
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‘2.4 ConversiontoF,, ~ EPFL

2.4.1 Unsigned
RN(z) = RN(2%%z), + )
= RN(RN(2%2 - FP(z),)) + FP(z,))

JavaScript code:  232%(xh>>>0) + (x1>>>0)

2.4.2 Signed
RN(Sgy(x)) = RN(2%2 - Szy(zy,) + )
— RN(RN(232 ‘ FP(S32(5’7h))) + FP(%))

JavaScript code:  232*xh + (x1>>>0)
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‘2.5 Unsigned conversion fromF;,;, ~ EPFL

Givenz € Fy,, 0 < x < 2%, findy = (y,,,y,) such thaty = |z].
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‘2.5 Unsigned conversion fromF;,;, ~ EPFL

Givenz € Fy,, 0 < x < 2%, findy = (y,,,y,) such thaty = |z].
JavaScript code:

yh = (x*¥2732) 10
yl = x|0

computes:

y, = truncate(RN(z - 27%%)) mod 2°? = | /2% | mod 2°*

y, = truncate(zr) mod 22 = | x| mod 232
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3. The divison algorithm




‘3.1 Unsigned division ~~ EPFL

Given a = (ay,a,), b= (b,,b,), b #+ 0,
find ¢ = (¢, q,) = div(a,b) and r = (r;,r,) = rem(a, b)
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3.2 Three cases “P-L

Div64

Input: a = (ay,a,), b = (b,,b,),b# 0

Output: ¢ = (¢, qy) = div(a,b), r = (1}, 7r,) = rem(a,b)
if b < 221 then

else if b < 293 then

else

end
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3.2 Three cases “P-L

Div64

Input: a = (a;,a,), b= (b,,b,),b#0

Output: ¢ = (g3, q,) = div(a,b), r = (r},r,) = rem(a,b)
if b < 22! then

else if b < 293 then

else
if a > b then
g1 ; r<a—gb
else
q+—0 ; r<a
end
end
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3.2 Three cases “P-L

Div64
Input: a = (a;,a,), b= (b,,b,),b#0
Output: ¢ = (g3, q,) = div(a,b), r = (r},7r,) = rem(a,b)
if b < 22! then
(g, ) < D1v64-Casel(a, b)
else if b < 2% then
(q,r) < D1v64-CAsE2(a, b)

else
if a > b then
g1 ; r<a—gb
else
q+—0 ; r<a
end
end
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95| 7
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95| 7
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95| 7
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95| 7
2 | 1

Sébastien Doeraene and Tobias Schlatter 64-bit Integer Division for the JavaScript Platform June 29th, 2026



3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95 7
25| 1
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95 7
25| 1
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95| 7
25| 13
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95| 7
25| 13
4
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3.3 Unsigned division, 0 < b < 2°!, for humans ~ EPFL

As a human, how do you divide 95 by 77?

95 7
25| 13
4

Quotient: 13
Remainder: 4
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel

Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: q = <Qh7 QE> — diV(CL, b)’ r= (Tha TE) — rem<a'7 b) . A b

h "¢ 14

Assert: b, =0
qp, < div(ap, by)
k< ap, —32 (by X352 qp,)
a’ + (k,a,) = 2%%k + a,
qo < RN(RN(a")/FP (b))
Assert: 0 < g, < 232
qe < |90
’I“h < 0
rp 4 ap —32 (by X35 qp)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel

Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: q = <Qh7 QE> — diV(CL, b)’ r= (Tha TE) — rem<a'7 b) . a b

h %¢ 14

Assert: b, =0
gp, < div(ay,b,)
k< ap, —39 (by X32 qp,)
a’ + (k,a,) = 2%%k + a,
qo < RN(RN(a")/FP (b))
Assert: 0 < g, < 232
qe < |90
’I“h < 0
rp 4 ap —32 (by X35 qp)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel

Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = <Qh7 QE> = diV(CL, b)’ r= (Tha TE) — rem<a'7 b) . a b

h *¢ 14

Assert: b, =0
qp, < div(ay, by) dp,
k< ap —32 (by X350 q1)
a’ + (k,a,) = 2%%k + a,
qo <~ RN(RN(a")/ FP(b,))
Assert: 0 < g, < 232
g, < |40
Ty 0
Te 4 ap —39 (by X352 q)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel
Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = (g5, q,) = div(a,b), r = (ry, ;) = rem(a, b) a, a b
h “¢ 14
Assert: b, =0
g, < div(ay, by) k dp

k< aj —39 (by X35 qp,)

a’ + (k,a,) = 2%%k + a,
qo < RN(RN(a’)/ FP(b,))
Assert: 0 < g, < 232

q < |40]

’I“h < 0

Ty < ap —35 (bp X35 qy)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel
Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = (g3, q,) = div(a,b), r = (r},r,) = rem(a,b) a; a b
h ¢ £l
Assert: b, =0
qp, < div(ap, by) k Qp | 4p

k< aj, —35 (by X35 qp,)

a’ + (k,a,) = 2%%k + a,
qo < RN(RN(a’)/ FP(b,))
Assert: 0 < g, < 232

q < |40]

’I“h <— 0

Ty < ap —35 (bp X35 qy)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel
Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = (g5, q,) = div(a,b), r = (ry, ;) = rem(a, b) a, a b
h *¢ 14
Assert: b, =0 ,
g, < div(ay, by) a = k Uy | dp

k< aj —35 (by X35 qp,)

a +— (k,a,) = 232 4 a,
qo < RN(RN(a’)/ FP(b,))
Assert: 0 < gy < 232

q < |40]

’I“h < 0

Ty < ap —35 (bp X35 qy)

Sébastien Doeraene and Tobias Schlatter 64-bit Integer Division for the JavaScript Platform June 29th, 2026



3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel
Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = (g3, q,) = div(a,b), r = (r},,7,) = rem(a, b) a, a b
h *¢ 14
Assert: b, =0 ,
q, < div(ay,by) a = k Ay | 4p 9y

k< aj, —35 (by X35 qp,)

a’ + (k,a,) = 2%%k + a,
qo < RN(RN(a’)/ FP(b,))
Assert: 0 < gy < 9232

q < |40]

’I“h < 0

Ty < ap —35 (bp X35 qy)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel
Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = (g3, q,) = div(a,b), r = (r},r,) = rem(a,b) a; a b
h ¢ £l
Assert: b, =0 ,
qh <— diV(CLh, be) a = k a’e Qh qe
k< ap, —39 (by X32 qp,)
a’ + (k,a,) = 2%%k + a, Ty

qo < RN(RN(a’)/ FP(b,))
Assert: 0 < g, < 232

q < |40]

’I“h < 0

Ty < Gy —35 (by X323 qp)
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3.4 Unsigned division, 0 < b < 221, for the machine =~ EPFL

Same thing, but in base 232

Div64-Casel
Input: a = (ay, a,), b= (b,,b,),0 < b < 22

Output: ¢ = (g3, q,) = div(a,b), r = (r},,7,) = rem(a, b) Ayp Gy bg
Assert: b, =0 ,
dp <— diV(CLh, be) a = k a',e Qh qe
k< ap, —32 (by X35 q1)
a’ + (k,a,) = 2%%k + a, Ty
qo <~ RN(RN(a’)/FP(b,))
Assert: 0 < g, < 22 Quotient: g g,
q; < |90

Remainder: 07,
Ty <0

Ty < ap —35 (bp X35 qy)
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3.5 Dividing a’ by b, “P-L

qo < RN(RN(a")/FP(b,))
Assert: 0 < gy < 932
9 < 0]

[s it true that q, = div(a’, b,) ?
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3.5 Dividing a’ by b, “P-L

qo < RN(RN(a")/FP(b,))
Assert: 0 < gy < 932
9 < 0]

[s it true that q, = div(a’, b,) ?

a’ = 2%k +ay and k < by, soa’ < 232h, < 2°3
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3.5 Dividing a’ by b, “PFL

qo < RN(RN(a")/FP(b,))
Assert: 0 < gy < 932
9 < 0]

[s it true that q, = div(a’, b,) ?

a’ = 2%k +ay and k < by, soa’ < 232h, < 2°3
¢o = RN(RN(a")/ FP(by)) = RN(a’/b,)

g, = |RN(a’ /b))
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3.5 Dividing a’ by b, “P-L

qo < RN(RN(a")/FP(b,))
Assert: 0 < gy < 932
9 < 0]

[s it true that q, = div(a’, b,) ?

a’ = 2%k +ay and k < by, soa’ < 232h, < 2°3
¢o = RN(RN(a")/ FP(by)) = RN(a’/b,)

g, = |RN(a'/b,)| = div(a’, b,)

because of Theorem 1 in “The Euclidean Division Implemented with a
Floating-Point Division and a Floor” by Vincent Lefevre.
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3.6 Unsigned division, 2>* < b < 2%, for humans ~ EPFL

As a human, how do you divide a = 857 by b = 317
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3.6 Unsigned division, 2>* < b < 2%, for humans ~ EPFL

As a human, how do you divide a = 857 by b = 317

a~ 850 = a ba~30=50
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3.6 Unsigned division, 2>* < b < 2%, for humans ~ EPFL

As a human, how do you divide a = 857 by b = 317

~ 850 = 4 ba~30=50

-

/b =850/30 = 85/3
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3.6 Unsigned division, 2>* < b < 2%, for humans ~ EPFL

As a human, how do you divide a = 857 by b = 317

~ 850 = 4 ba~30=50

-

/b =850/30 =85/3 = (&)
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3.6 Unsigned division, 2>* < b < 2%, for humans ~ EPFL

As a human, how do you divide a = 857 by b = 317

S|

~ 850 = 4 b~30=0b

a/b=850/30 =85/3 = (60+24+1)/3 ~ 28.3 = §,
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3.6 Unsigned division, 2>* < b < 2%, for humans ~ EPFL

As a human, how do you divide a = 857 by b = 317
a ~ 850 = 4 b~30="h
a/b=850/30 =85/3 = (60+24+1)/3 ~ 28.3 = §,

[Go] = [28.3] =28

q

ne and Tobias Schlatter 64-bit Integer Division for the JavaScript Platform June 29th, 2026 17/ 27



=Pr-L

3.6 Unsigned division, 2°! < b < 2%, for humans
As a human, how do you divide a = 857 by b = 317

850 = a br~30=5b

Q
Q

a/b=850/30 = 85/3 = (60 + 24+ 1)/3 ~ 28.3 = §,

[Go] = [28.3] =28

D>
|

a—b-§g=857—31-28=—11

>
I

June 29th, 2026

64-bit Integer Division for the JavaScript Platform

Sébastien Doeraene and Tobias Schlatter



3.6 Unsigned division, 22! < b < 2%, for humans =PrL
As a human, how do you divide a = 857 by b = 317

850 = 4 b~30=0

Q
Q

a/b=850/30 =85/3 = (60+24+1)/3 ~ 28.3 = §,

[Go] = [28.3] =28

D>
|

a—b-§g=857—31-28=—11

7
Oops, let’s correct that:
gq=q—1=27
r=7r4+b=20

June 29th, 2026
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3.7 Unsigned division, 22! < b < 263, for machines =~ EPFL

Div64-Case?2 (spoiler: wrong version)
Input: a = (a;, a,), b = (b, b,), 221 < b < 29
Output: ¢ = (¢, qy) = div(a,b), r = (1}, 7r,) = rem(a,b)
do  RN(RN(a)/ RN (b))
Assert: 0 < gy < 964
q = (4n,4e) < 9]
P = (Pp,7p) < a—¢q4 (b X4 q)
if Sg,(7) < 0 then
qq—pql
7 +g4 b
else
q<q
r7r
end
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3.7 Unsigned division, 22! < b < 263, for machines =~ EPFL

Div64-Case?2 (spoiler: wrong version)
Input: a = (a;, a,), b = (b, b,), 221 < b < 29
Output: ¢ = (¢, qy) = div(a,b), r = (1}, 7r,) = rem(a,b)
go < RN(RN(a)/ RN(d))
Assert: 0 < gy < 964
q = (n,40) < do]
P = (Ph,Tp) ¢ @ —g4 (b Xgq Q)
if Sg,(7) < 0 then
g4 q—¢4l
7 +g4 b
else
g4 q
r4— 7
end
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3.7 Unsigned division, 22! < b < 263, for machines =~ EPFL

Div64-Case?2 (spoiler: wrong version)
Input: a = (a;, a,), b = (b, b,), 221 < b < 29
Output: ¢ = (¢, qy) = div(a,b), r = (1}, 7r,) = rem(a,b)
do  RN(RN(a)/ RN (b))
Assert: 0 < gy < 964
q = (4n,4e) < 9]
P = (Pp,7p) < a—¢4 (b X4 q)
if Sg,(7) < 0 then
qq—pql
7 +g4 b
else
q<q
r7r
end
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3.7 Unsigned division, 22! < b < 263, for machines =~ EPFL

Div64-Case?2 (spoiler: wrong version)
Input: a = (a;, a,), b = (b, b,), 221 < b < 29
Output: ¢ = (¢, qy) = div(a,b), r = (1}, 7r,) = rem(a,b)
do < RN(RN(a)/RN(d))
Assert: 0 < gy < 964
q = (4n,4e) < 9]
P = (Pp,7p) < a—¢q4 (b X4 q)
if Si,(7) < 0 then
qq—p4l
=7 44 b
else
q<q
r4— 7
end
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‘3.8 Whatcan we say aboutg? ~ EPFL

a < RN(a)

b < RN(b)

4o + RN(a/b)

q = (Gn»Ge) < 4o

Is it true that 0 < ¢ — div(a,b) <17
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‘3.8 Whatcan we say aboutg? ~ EPFL

Property™:
a < RN(a)
b RN(b) RN(a/b) — a/b st
do %RN(a/b) a/b

q = (qy,4q,) < |4o]

Is it true that 0 < ¢ — div(a,b) <17

““Error in ulps of the multiplication or division by a correctly-rounded function or
constant in binary floating-point arithmetic” by N. Brisebarre, J.-M. Muller, and J. Picot.
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‘3.8 Whatcan we say aboutg? ~ EPFL

Property™:
a < RN(a)
b RN(b) RN(a/b) — a/b -
do %RN(a/b) a/b

q = (Gn, ) < [do]
and (assuming a % 0)

Is it true that 0 < ¢ — div(a,b) <17
q ( ) 2_63 S Cl,/b, (/1\0 S 243

““Error in ulps of the multiplication or division by a correctly-rounded function or
constant in binary floating-point arithmetic” by N. Brisebarre, J.-M. Muller, and J. Picot.
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‘3.8 Whatcan we say aboutg? ~ EPFL

Property™:
a < RN(a)
b RN(b) RN(a/b) — a/b -
do %RN(a/b) a/b

q = (Gn, ) < [do]
and (assuming a % 0)

Is it true that 0 < ¢ — div(a,b) <17
q ( ) 2_63 S Cl,/b, QO S 243

gp —a/bl <271 . a/b<27°1.2%3 =278

““Error in ulps of the multiplication or division by a correctly-rounded function or
constant in binary floating-point arithmetic” by N. Brisebarre, J.-M. Muller, and J. Picot.
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‘3.8 Whatcan we say aboutg? ~ EPFL

Property™:
a < RN(a)
b < RN(b) RN(a/b) — a/b -
do %RN(a/b) a/b

4= (qn> ) < (0]
and (assuming a % 0)

Is it true that 0 < ¢ — div(a,b) <17
! (@) 2783 < a/b, §, < 2%

gp —a/bl <271 . a/b<27°1.2%3 =278

28 <g,—a/b<2® X no good :-(

““Error in ulps of the multiplication or division by a correctly-rounded function or
constant in binary floating-point arithmetic” by N. Brisebarre, J.-M. Muller, and J. Picot.
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‘3.9 Fixed computation =~ EPFL

i + RN(a)

b < RN(b)

do < RN(a/b)

g, + RN(qy +279)
q = (G, 4,) < 1]

Is it true that 0 < ¢ — div(a,b) <17

—28 < gy—a/b< 278

Sébastien Doeraene and Tobias Schlatter 64-bit Integer Division for the JavaScript Platform June 29th, 2026



‘3.9 Fixed computation =~ EPFL

i + RN(a)

b < RN(b)

do < RN(a/b)

g, + RN(qy +279)
q = (G, 4,) < 1]

Is it true that 0 < ¢ — div(a,b) <17

28 <go—a/b<2®s00< g, —a/b<2 7 <1
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‘3.9 Fixed computation =~ EPFL

d < RN(a)

b < RN(b)

do < RN(a/b)

g, + RN(qy +279)

q = (4, q,) < |01

Is it true that 0 < ¢ — div(a,b) <17

28 <go—a/b<2®s00< g, —a/b<2 7 <1

0 <§—div(a,b) = [§;] — [a/b] <1
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‘3.9 Fixed computation =~ EPFL

a < RN(a)

b < RN(b)

do < RN(a/b)

G, < RN(g, +278)

q = (qp,4q,) < 4]

Is it true that 0 < ¢ — div(a,b) <17

28 <gy—a/b<28s00< g, —a/b<2" <1
0 < §—div(a,b) = [g] — la/b] <1

Since b < 293 we have —203 < a — b - q < 263 which (barely) fits in a
signed 64-bit integer. Hence S5, (7)) = a — b - q.
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4. Divisions by constants




4.1 Unsigned division by a constant, 0 < b < 22'? ~ EPFL

Div64-Casel
Input: a = (a;,,a,), b= (b,,b,), m € Fsy, 0 < b < 218
Output: ¢ = (g3, g,) = div(a,b), 7 = (r},7y) = rem(a, b)
Assert: b, =0
qn <~ div(afw bﬁ)
k< ay, —35 (by X35 q3)
a’ + (k,a,) = 2°%k + a,
% — RN(RN(a')/ FP(b,))
Assert: 0 < gy < 9232
g < 40
Ty +—0
Ty <= @y —39 (by X33 q)
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4.2 Unsigned division by a constant, 0 < b < 22'?  EPFL

qo <~ RN(RN(a")/ FP (b))
R

Requirement: g, = div(a’,b,) = |a’/b,]

1
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4.2 Unsigned division by a constant, 0 < b < 22'?  EPFL

go < RN(RN(a") - m)
2 < o] m =

Requirement: g, = div(a’,b,) = |a’/b,]

1
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4.2 Unsigned division by a constant, 0 < b < 22'?  EPFL

qo + RN(RN(a’) - ) —51
ar < |40 7 = RN (1;})2([)) )

Requirement: g, = div(a’,b,) = |a’/b,]

From', if  and y are n-bit integers, and we have a floating-point system with
F' > n + 3 bits of mantissa (F' = 53 for binary64), then

z/y| = |RN(z - )| given mzRN(1+§2_ )

250

That requires a’ < 2°°, which we only get when b < 2%,

'Division by invariant integers using multiplication” by T. Granlund and P. L.
Montgomery, Section 7
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4.3 Unsigned division by a constant, 2'* <5 <2  EPFL

Div64-Case2
Input: a = (ay,,a,), b = (b, b,), m € Fy,, 221 < b < 259
Output: ¢ = (g3, q,) = div(a,b), r = (r},7r,) = rem(a,b)
g; + RN(RN(RN(a)/RN(b)) +278)
Assert: 0 < §; < 294
q = (inéjﬁ) — Lq\lj
P=(Pp,Tp) ¢ @ —g4 (b Xy Q)
if Sg,(7) < 0 then
G q—gsl 5 T T +g 0
else
g q ; r<7
end
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4.4 Unsigned division by a constant, 2'* <5 <2  EPFL

G, +— RN(RN(RN(a)/RN(b)) + 278)
q = (Gn,qe) < 11

Requirement: 0 < ¢; — a/b < 1 (implies 0 < ¢ — div(a,b) < 1)
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4.4 Unsigned division by a constant, 2'* <5 <2  EPFL

4, < RN(RN(a) - i)
Cj — (QleE) — \_QlJ

Requirement: 0 < ¢; — a/b < 1 (implies 0 < ¢ — div(a,b) < 1)

m —
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4.4 Unsigned division by a constant, 2'* <5 <2  EPFL

4, + RN(RN(a) - 1)
q = (Gn> Q) < 41

Requirement: 0 < ¢; — a/b < 1 (implies 0 < ¢ — div(a,b) < 1)

m = RN(m) given k € N,k > 14 such that m = 1/b + 27°17F < 27F
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4.4 Unsigned division by a constant, 2'* <5 <2  EPFL

g, < RN(RN(a) - ) RN(a - ) — am

. ) ) ) < 2—51
q = (4n,4q,) < 4] am

Requirement: 0 < ¢; — a/b < 1 (implies 0 < ¢ — div(a,b) < 1)
m = RN(m) given k € N,k > 14 such that m = 1/b + 27°17F < 27F

|G, —am| < 2751 . am < 27%q .27k =281k,
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4.4 Unsigned division by a constant, 2'* <5 <2  EPFL

g, < RN(RN(a) - ) RN(a - ) — am
4= (qn,q) < 41] am

Requirement: 0 < ¢; — a/b < 1 (implies 0 < ¢ — div(a,b) < 1)
m = RN(m) given k € N,k > 14 such that m = 1/b + 27°17F < 27F
1§, —am| < 27 .am <2751 - 27F = 27517 k¢

—27%17kg < §, —am < 2701k

—27%17kg < §, —a/b—27517Fq < 27017k,

0<q; —a/b < 2.27517kg
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4.4 Unsigned division by a constant, 2'* <5 <2  EPFL

g, < RN(RN(a) - ) RN(a - ) — am

. ) ) ) < 2—51
q = (4n,4q,) < 4] am

Requirement: 0 < ¢; — a/b < 1 (implies 0 < ¢ — div(a,b) < 1)
m = RN(m) given k € N,k > 14 such that m = 1/b + 27°17F < 27F

4, —am| < 2751 . qm < 2751g . 27k = 2751k,

—27%17kg < §, —am < 2701k
—27%17kg < §, —a/b—27517Fq < 27017k,
0<q; —a/b < 2.27517kg

Finally, 0 < §; —a/b < 27°07Fq < 2764. 264 = 1
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5. Conclusion




5.1 Conclusion “P-L

Algorithms for 64-bit integer divisions on JavaScript without loops

Near-constant performance, almost always faster than alternatives

Combines 32-bit integer arithmetic and 64-bit floating point arithmetic

Constant divisors: use multiplications by floating-point constants

(Not presented: conversion to string with a single multiplication)
Possible future work:

» Signed divisions without computing absolute values
« Run-time invariant divisors (m = RN(m) requires arbitrary precision)
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6. Appendix




6.1 Signed division ~~ EPFL

SDiv64
Input: a = (a;,a,), b= (b,,b,),b#0
Output: ¢ = (g3, qy) = sdivgy(a,b), r = (r,,r,) = sremg,(a, )
a’ < [Se4(a)l
b” <= [Sg4(b)|
if b’ < 22! then
(q¢",r") < D1v64-Casel(a’, b’)
else
(¢, ") < D1v64-Case2(a’, b")
end
q < if Sy (a~b) < 0then 0 —y, q" else ¢’
r < if Sgy(a) < Othen0—g, 7" else r’
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6.2 Unsigned conversion to string

=Pr-L

ToString

Input: x = (z,,2,), A e N,2< A <36
Output: the string representation of x in base A
if x; =0,1ie,z =z, then
return JSToSTRING(FP(z,), A)
else if z < 2°3 then
return JSToSTRING(RN (), A)
else
return TOSTRINGLARGE(z, A)
end
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6.3 Signed conversion to string

=Pr-L

SToString

Input: z = (z,,2,), A e N, 2 < A <36
Output: the string representation of Sy, () in base A
if Sg,(z) = S35(z,) then
return JSToSTRING(FP (S55(z,)), A)
else if —293 < x < 2°3 then
return JSToSTRING(RN(Sg,(x)), A)
else if Sg,(z) < 0 then

return "-" + TOSTRINGLARGE(0 —¢, z, A)
else

return TOSTRINGLARGE(x, A)
end
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6.4 Large unsigned conversion to string “PFL

ToStringlLarge

Input: z = (z,,z,), z>2% AeN2<A<L36
Output: the string representation of x in base A
(d,w,m) < TOSTRINGTABLE|A]

q; < RN(RN(z) - ) ToStringTable[A] = (d, w, m)
g« g] //asal,
g, < truncate(q) mod 2% //in]JS:ql = q|© « d = A" for some integer w
P Ty —39 (d X33 Gy) « 29/A <d <23
if S4,(7) < (A)then ) « m = RN(m)
q<_RN(q_1> ; T<_T+32d form:l/d+2—51—k
else
G e and k = 24
end

s, < JSToSTrING(q, A)
s, < JSToSTRING(FP(7), A).padStart(w, "0")
return Sq + s,
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