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Logic Design
𝑨 ⋅ 𝑩 = 𝑹

𝑨 = 𝒂𝟐, 𝒂𝟏 , 𝑩 = 𝒃𝟐, 𝒃𝟏 , 𝑹 = (𝒓𝟒, 𝒓𝟑, 𝒓𝟐, 𝒓𝟏)

𝑟1 = 𝑎1 ⋅ 𝑏1
𝑟2 = 𝑓1 ⊕ 𝑓2
𝑟3 = 𝑐 ⊕ 𝑓3
𝑟4 = 𝑐 ⋅ 𝑓3

𝑐 = 𝑓1 ⋅ 𝑓2
𝑓1 = 𝑎1 ⋅ 𝑏2
𝑓2 = 𝑎2 ⋅ 𝑏1
𝑓3 = 𝑎2 ⋅ 𝑏2

𝑟1 = 𝑎1 ⋅ 𝑏1
𝑟2 = ℎ1 ∨ ℎ2
𝑟3 = 𝑓5 ⋅ 𝑓6
𝑟4 = 𝑟1 ⋅ 𝑓6

ℎ1 = 𝑓1 ⋅ 𝑓2,
ℎ2 = 𝑓3 ⋅ 𝑓4
𝑓1 = ത𝑎2 ∨ ത𝑏1
𝑓2 = 𝑎1 ⋅ 𝑏2
𝑓3 = ത𝑎1 ∨ ത𝑏2
𝑓4 = 𝑎2 ⋅ 𝑏1
𝑓5 = ത𝑎1 ∨ ത𝑏1
𝑓6 = 𝑎2 ⋅ 𝑏2

𝑟1 = 𝑓1
𝑟2 = 𝑓3 ⊕ 𝑓4
𝑟3 = 𝑟4 ⊕ 𝑓2
𝑟4 = 𝑓1 ⋅ 𝑓2

𝑓1 = 𝑎1 ⋅ 𝑏1
𝑓2 = 𝑎2 ⋅ 𝑏2
𝑓3 = 𝑎1 ⋅ 𝑏2
𝑓4 = 𝑎2 ⋅ 𝑏1
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𝟔 − 𝐬𝐭𝐚𝐠𝐞 𝐬𝐜𝐚𝐥𝐚𝐛𝐥𝐞 𝐦𝐞𝐭𝐡𝐨𝐝𝐨𝐥𝐨𝐠𝐲∗

*D. Gorodecky, L. Sousa, “Efficient Arithmetic on FPGA, DATE, 2026, Verona, Italy

split operation into partial products 

of smaller sub-words

map minimized functions to

FPGA LUTs or ASIC standard cells

combine partial results using

balanced parallel addition

concatenate sub-results and 

apply modular correction if R ≥ P

minimize Boolean functions using Reed-Muller, 

Karnaugh, or technology-dependent methods

represent each partial product as

a Boolean function 𝑔𝑖(𝑋)



• Modular operations (for an arbitrary 𝑃)

– constant multiplication ((𝐴 ⋅ 𝑐𝑜𝑛𝑠𝑡)(mod 𝑃) = 𝑅)*

– modular multiplication ((𝐴 ⋅ 𝐵)(mod 𝑃) = 𝑅)*,**,******

– modular addition ((𝐴 + 𝐵)(mod 𝑃) = 𝑆)

– modular reduction (𝐴(mod 𝑃) = 𝑅)*

– Modular division ((𝐴 ⋅ 𝑥)(mod 𝑃) ≡ 1)

– Residue Number System (RNS)

• Standard operations

– constant multiplication (𝐴 ⋅ 𝑐𝑜𝑛𝑠𝑡 = 𝑅)****

– multiplication (𝐴 ⋅ 𝐵 = 𝑅)*****

– addition (𝐴 + 𝐵 = 𝑆)

– division by constant (𝐴 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ⋅ 𝑄 + 𝑟𝑒𝑠𝑖𝑑𝑢𝑒)**

– Miscellaneous operations ******: A ⋅ 𝐵 + 𝐶, A ⋅ 𝐵 + 𝐶 ⋅ 𝐷, etc.

• Floating-point computations

– multiplication (𝐴 ⋅ 𝐵 = 𝑅)

– addition (𝐴 + 𝐵 = 𝑆)

– Normalization

– Multi-precision computations
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Arithmetic Operations

*D. Gorodecky, L. Sousa, “Modular Arithmetic Based on Boolean Functions: A Divide and Conquer Approach” // IEEE Access, Vol. 13, Oct., 2025, pp. 186383-186396. 

**D. Gorodecky, L. Sousa, "Scalable architecture of constant division on FPGA" // Proceedings of the 30th IEEE Symposium on Computer Arithmetic, Sep. 4-6, 2023, Portland, Oregon, USA.

***D. Gorodecky, L.Sousa, “Two-Operand Modular Multiplication to Small Bit Ranges” // Advanced Boolean Techniques, Springer Nature Switzerland, 2023, p. 111-122. 

****D. Gorodecky, P. Bibilo, “Constant Multiplication Based on Boolean Minimization” // Proceedings of the 14th International Workshop on Boolean Problems, Bremen, Germany, Sept. 24-25, 2020. 

*****D. Gorodecky “Design of Multipliers Using Fourier Transformations” // Further Improvements in the Boolean Domain, Cambridge Scholars Publishing, UK, 2018, Section 3.4, pp. 240-252.

******D. Gorodecky, "Two approaches of arithmetic units design" // it - Information Technology (De Gruyter), Vol. 66, Issue 4-5, 2025, pp-114-123.



Multiplication by 𝑋 ⋅ 2𝑛 is concatenation of 𝑛 zeros, 𝑋 = (𝑥𝛿𝑥𝛿−1…𝑥1):

𝑋 ⋅ 2𝑛 = (𝑥𝛿𝑥𝛿−1…𝑥1 0…0
𝑛

)
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𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐛𝐲 𝐩𝐨𝐰𝐞𝐫 𝟐

Ex. 5 ⋅ 23 = 1012 ⋅ 10002 = 1010002 = 40

Ex. 4 0 3 0 6 0 9 0 2 0 5

7
×

2 8 2 1 4 2 6 3 1 4 3 5

×

2 8 2 1 4 2 6 3 1 4 3 5
1 4 2 8 5 6 3 5 2 1

Ex. 4 2 3 4 6 8 9 5 2 3 5

7

+

2 9 6 4 2 8 2 6 6 6 4 5
Ex. 10010101000101001010

11010101001001010011
×

10010101000101001010
11010101001001010011

1)

2) 10010101000101001010
11010101001001010011

3) 10010101000101001010
11010101001001010011

etc.

module mult_ANY_NUMBERx2_01_exact ( 

x0, x1, x2, x3, x4, x5, x6, x7,…

z00, z01, z02, z03, z04, z05, z06, z07, z08, z09, z10, z11, …… );

input  x0, x1, x2, x3, x4, x5, x6, x7, …….;

output z00, z01, z02, z03, z04, z05, z06, z07, z08, z09, z10, z11…….;

assign z00 = x0 & x1 & x2 & x3;

assign z01 = x0 & x2 & (~x3 | (~x1 & x3));

assign z02 = (x0 & x3 & (~x2 | (~x1 & x2))) | (x1 & x2 & (~x0 | ~x3));

assign z03 = x1 & x3;

assign z04 = x5 & x0 & x1 & x4;

assign z05 = x0 & x4 & (~x5 | (~x1 & x5));

assign z06 = (x0 & x5 & (~x4 | (~x1 & x4))) | (x1 & x4 & (~x0 | ~x5));

assign z07 = x1 & x5;

assign z08 = x7 & x0 & x1 & x6;

assign z09 = x0 & x6 & (~x7 | (~x1 & x7));

assign z10 = (x0 & x7 & (~x6 | (~x1 & x6))) | (x1 & x6 & (~x0 | ~x7));

assign z11 = x1 & x7;

etc.

endmodule
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Boolean decomposition and LUT-Aware Mapping

• Decomposition operands to produce small products, 

where each product represented as Boolean function 

system (Espresso, ABC)

• ≤6 variables per function: direct mapping to single 6-

input LUT

• Functions with >6 variables are decomposed into 

subfunctions of 5 or 6 variables each

• Architecture-aware exploitation of the Xilinx FPGA 

LUT structure:  1 LUT = one 6-variables function OR 

two 5-variables functions

𝑦1 𝑥1, 𝑥2, … , 𝑥5

𝑦2(𝑥1, 𝑥2, … , 𝑥5)
𝑦1 𝑧1, 𝑧2, … , 𝑧6vs.
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(𝑨 ⋅ 𝑩)(mod 𝟑𝟑𝟐𝟗) = 𝑹

𝐴1 ⋅ 𝐵1 + 𝐴1 ⋅ 𝐵2 ⋅ 2
4 + 𝐴1 ⋅ 𝐵3 ⋅ 2

8 +

𝐴2 ⋅ 𝐵1 ⋅ 2
4 + 𝐴2 ⋅ 𝐵2 ⋅ 2

8 + 𝐴2 ⋅ 𝐵2 ⋅ 2
12 +

𝐴3 ⋅ 𝐵1 ⋅ 2
8 + 𝐴3 ⋅ 𝐵2 ⋅ 2

12 + 𝐴3 ⋅ 𝐵3 ⋅ 2
16 =

𝐴 = (𝑎12𝑎11…𝑎1)

𝐴1 = (𝑎4𝑎3𝑎2𝑎1)
𝐴2 = (𝑎8𝑎7𝑎6𝑎5)
𝐴3 = (𝑎12𝑎11𝑎10𝑎9)

𝐵 = (𝑏12𝑏11…𝑏1)

𝐵1 = (𝑏4𝑏3𝑏2𝑏1)
𝐵2 = (𝑏8𝑏7𝑏6𝑏5)
𝐵3 = (𝑏12𝑏11𝑏10𝑏9)

𝐴 ⋅ 𝐵 = 𝑅 mod 3329 =

𝐴1 ⋅ 𝐵1 + 𝐴1 ⋅ 𝐵2 ⋅ 2
4 + 𝐴1 ⋅ 𝐵3 ⋅ 2

8 +

𝐴2 ⋅ 𝐵1 ⋅ 2
4 + 𝐴2 ⋅ 𝐵2 ⋅ 2

8 + 𝐴2 ⋅ 𝐵2 ⋅ 767 +

𝐴3 ⋅ 𝐵1 ⋅ 2
8 + 𝐴3 ⋅ 𝐵2 ⋅ 767 + 𝐴3 ⋅ 𝐵3 ⋅ 2285

High − Level Representation

𝐴1 ⋅ 𝐵1 𝐴1 ⋅ 𝐵2 ⋅ 2
4

𝐴1 ⋅ 𝐵3 ⋅ 2
8 𝐴2 ⋅ 𝐵2 ⋅ 767

𝐴3 ⋅ 𝐵3 ⋅ 2285

Building blocks:
8 input Boolean functions
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𝐴 ⋅ 𝐵 mod 241 =

( 𝑎3𝑎2𝑎1 ⋅ 𝑏3𝑏2𝑏1 + 𝑎3𝑎2𝑎1 ⋅ 𝑏6𝑏5𝑏4 ⋅ 23 + 𝑎3𝑎2𝑎1 ⋅ 𝑏8𝑏7 ⋅ 26 +

𝑎6𝑎5𝑎4 ⋅ 𝑏3𝑏2𝑏1 ⋅ 23 + 𝑎6𝑎5𝑎4 ⋅ 𝑏6𝑏5𝑏4 ⋅ 26 + 𝑎6𝑎5𝑎4 ⋅ 𝑏8𝑏7 ⋅ 30 +

𝑎8𝑎7 ⋅ 𝑏3𝑏2𝑏1 ⋅ 26 + 𝑎8𝑎7 ⋅ 𝑏6𝑏5𝑏4 ⋅ 30 + 𝑎8𝑎7 ⋅ 𝑏8𝑏7 ⋅ 240) (mod 241) =

𝑅 = (𝑟8 𝑟7…𝑟1)

𝑎8𝑎7 ⋅ 𝑏8𝑏7 ⋅ 240 mod 241 = 𝑇(t8t7…𝑡1)

𝑨 ⋅ 𝑩 mod 𝟐𝟒𝟏 = 𝑹*

*D. Gorodecky, L. Sousa, “Modular Arithmetic Based on Boolean Functions: A Divide and Conquer Approach” // IEEE Access, Vol. 13, Oct., 2025, pp. 186383-186396. 

𝐴 = (𝑎8𝑎7…𝑎1) 𝐵 = (𝑏8𝑏7…𝑏1)
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Division: high-level representation*

* D. Gorodecky, L. Sousa, " Scalable architecture of constant division on FPGA" // Proceedings of the 30th IEEE Symposium on Computer Arithmetic, Sep. 4-6, 2023, Portland, Oregon, USA.

Ex. d=7, X=489=400+80+9

Ex. 
400

7
= {57,1}, 

80

7
= 11,3 ,

9

7
= {1,2}

Ex. 
1+3+2

7
= {0,6}, 57+11+1+0=69=Q, R=6 



Xilinx Vivado 2022.2
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Experimental Evaluation

{default_no_clk 0   "Default_NoClock"   "Vivado Synthesis Defaults“ "Vivado Implementation Defaults"}

{default_10ns     10  "Default_100MHz"    "Vivado Synthesis Defaults"  "Vivado Implementation Defaults"}

{default_1ns       1   "Default_1GHz"     "Vivado Synthesis Defaults"  "Vivado Implementation Defaults"}

{area_no_clk 0   "Area_NoClock"      "Flow_AreaOptimized_high"  "Vivado Implementation Defaults"}

{area_10ns        10  "Area_100MHz"      "Flow_AreaOptimized_high"     "Vivado Implementation Defaults"}

{area_1ns          1   "Area_1GHz"        "Flow_AreaOptimized_high"     "Vivado Implementation Defaults"}

{speed_no_clk 0   "Speed_NoClock"     "Flow_PerfOptimized_high"     "Performance_Explore"}

{speed_10ns     10  "Speed_100MHz"      "Flow_PerfOptimized_high"     "Performance_Explore"}

{speed_1ns       1   "Speed_1GHz"        "Flow_PerfOptimized_high"    "Performance_Explore"}

{area_max 0   "Area_Max_Optimization"        "Flow_AreaOptimized_high"    "Area_Explore"}

{area_seq 0   "Area_Sequential_Opt"          "Flow_AreaOptimized_high"    "Area_ExploreSequential"}

{speed_5_def    5   "Speed_200MHz_Default"         "Vivado Synthesis Defaults"  "Vivado Implementation Defaults"}

{speed_5_perf   5   "Speed_200MHz_Performance"  "Flow_PerfOptimized_high"    "Vivado Implementation Defaults"}

{speed_3_def    3   "Speed_333MHz_Default"         "Vivado Synthesis Defaults"  "Vivado Implementation Defaults"}

{speed_3_perf   3   "Speed_333MHz_Performance"  "Flow_PerfOptimized_high"    "Performance_Explore"}

{speed_1_def    1   "Speed_1GHz_Default"           "Vivado Synthesis Defaults"  "Vivado Implementation Defaults"}

{speed_1_perf   1   "Speed_1GHz_Performance"      "Flow_PerfOptimized_high"    "Performance_Explore"}

Synthesis Implementation

Synopsys 2022, Cadence 2022

2 libraries: scl45nm (45nm), tsmc (28nm) 

{xc7k70tfbg484-3    "Kintex-7“}

{xc7a100tcsg324-1   "Artix-7"}

{xcku5p-ffvb676-2-e "KintexUS+"}

Time constraints synthesis:

- none (area optimization)

- 1ns (critical path optimization)

- 10ns (balanced optimization)

FloPoCo (state-of-the-art)

flopoco target=kintex7 IntConstDiv wIn=bit_range d=divider arch={0,3} alpha={5,6}

flopoco target=kintex7 IntConstDiv computeQuotient=false wIn=input_bit_range

d=modulo arch=3 alpha={5,6}

flopoco target=kintex7 IntConstMult wIn=bit_range_input c=constant



• 7-bit variable 𝑨 and 29-bit prime 𝑪 = 536870909=𝟐𝟐𝟗 − 3, as it titled 𝟐𝟗 × 𝟕;

• 8-bit variable 𝑨 and 46-bit prime 𝑪 = 70368744177629, as it titled 𝟒𝟔 × 𝟖;

• 9-bit variable 𝑨 and 101-bit prime  𝑪 = 2535301200456458802993406409959, as it titled 𝟏𝟎𝟏 × 𝟗;

• 9-bit variable 𝑨 and 157-bit 𝑪 = 𝟐𝟏𝟓𝟕 − 𝟕, as it titled 𝟏𝟓𝟕 × 𝟗;

• 10-bit variable 𝑨 and 183-bit 𝑪 = 𝟐𝟏𝟖𝟑 − 𝟏, as it titled 𝟏𝟖𝟑 × 𝟏𝟎

Results: Multiplication by a Constant
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𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ⋅ 𝐴



Results: Modular Multiplication
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(𝐴 ⋅ 𝐵)(mod 𝑃)



Results: Modular Reduction
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𝐴 (mod 𝑃)



Results: Division by a Constant
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𝐴

𝑑
= {𝑄𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑅𝑒𝑠𝑖𝑑𝑢𝑒}



Conclusion
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- «Universal» methodology for arithmetic unit 

design via Boolean decomposition

- up to 85× shorter critical path and up to 28× fewer 

cells" / "up to 2× shorter critical path and up to 20×

fewer LUTs

- Cadence gives better results than Synopsys

- Up to 2× critical path and up to 20× LUTs (Xilinx 

Vivado)

- Runtime: synthesis time is minutes vs. hours for 

large input bit-widths, compared with the built-in 

algorithms of Vivado, Cadence, Synopsys, and 

FloPoCo


